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WIMAN’S METHOD AND THE ‘FLAT REGIONS’ 
OF INTEGRAL FUNCTIONS 


By A. J. MACINTYRE (Aberdeen) 
[Received 30 October 1937] 
1. THE consideration of special integral functions 
fle) = eye" (1) 
whose coefficients are all positive and of simple analytic type, the 


most familiar being Mittag Leffler’s function of order p = 1/a 


aaa > T(1+na)’ @) 


shows that the function is dominated when z is large and positive 
by a comparatively small group of terms near the greatest one. If 


cy 2% is this term, then, as z tends to infinity by positive values, 


N+Nit€ 
C, 2". (3) 


N-Nite€ 
We deduce that f(z)/z* varies little if z varies from a large positive 


value so that the change in 
gNite 


is small. A convenient statement is that 
f(ze") = fize*{1+0 (1)} (4) 
provided that 7 = O(N-!-*). 
tesults of a similar kind are true for any integral function whether 
its coefficients are real and regular or not. They were obtained by 
Wiman from a special case by a somewhat complicated process of 
comparison of coefficients, and his method has been refined by several 
subsequent writers. It appears that the statement (4) is true of any 
integral function for some large z at which | f(z)| attains its maximum 
M(r) for |z| = r. There is necessarily a considerable loss of precision, 
and even the result stated has not been published with 7 = O(N -*-*) 
but only with 7 = O(N-?-*).* In so far as the modulus of f(z) is 
concerned much more precise results have been obtained by entirely 
different methods since J. M. Whittaker coined the term ‘flat 
region’.t In this connexion the most complete result so far has been 
* Valiron (7), p. 101, Theorem 29. + J. M. Whittaker (10). 
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given by Valiron* and is substantially as follows. If f(z) is an integral 

function of order p, there exist arbitrarily large values of z such that 
log | f(ze7) | 


tle fe 1 5n(p) . 
log f(z) <6 for |r| < - (5) 


vflog M((z\)} 

log |f(z)| > A(p)log M({z!). 
[»(p) and h(p) are positive but otherwise undetermined. | 

The object of the present note is to show that Wiman’s argument 
may be used without any reference to a comparison function, or to 
the coefficients, for the necessary information may be obtained 
directly and with greater accuracy by a simple device. The advance 
is exhibited by our 

THEOREM 1. Jf the lower order of an integral function f(z) is less 


than p, that is, if log M(r) < re 
for some arbitrarily large r and fixed positive 5, then there exist 
arbitrarily large values of z such that 
S(ze") = fz) eX{1+o(7)}, 
where f, |f(z)| = M(r), N = 2f'(z)/f(z) 
2(e2p*__ ] 
and lw(t)| < : Sa ) 
when l7| < Oflog M(r)}-. 
If we discard the information concerning arg f(z), we obtain 
THEOREM 2. If 6 < e-*?’, then the conclusion of Theorem 1 includes 
ep — 6? 


|log| f(ze")|—log M(r)| < @{log M(r)+-p*}+-log P(e) 


(10) 
2. Proof of Theorems 1 and 2, and Theorem 3 

Take z = re” so that f(z) has its maximum modulus M(r). Evi- 
dently 


{© Joe flrei#)\ — {,,piod (re) ; 
Bi zg los fire ) ae ; f(re') J 0. (1 1) 


Thus zf’(z)/f(z) is real and clearly lies between the left and right 


derivatives dlog M(r)/dlogr which exist, the latter being the greater, 
since log M(r) is a convex function of logr. Now consider the function 
(ze") __ ,_ 2f'(z) ‘a 
g(r) Tews vy =F) ity) — uy). (1) 
F(2) J (2) 
* Valiron (15). 
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We propose to show first that ¢(r) is bounded for |r| < {log M(r)}-* 
and then that it is practically.constant in a smaller circle for some 
large r. If we write o for the real part of 7, then 


: M(re") we 
\p(7)| S M(r) om, 


(13) 


Our first step is thus to show that for some large r 
log M(re?)—log M(r)—No < A (14) 
for a fixed A and all o satisfying |o| < {log M(r)}-*. The expression 
on the left in (14) represents the height of the curve 
y = log M(e*) (15) 
at the point x = logr+o above the ‘tangent’ 

y = log M(r)+N(x—logr) (16) 
which ‘touches’ (15) at the point x = logr. Since (15) is a convex 
curve, this height is positive whatever the sign of o and increases 
with |o|. Hence, if the real part of 7 lies between —o and o, 

log |¢(r)| < log M(re’)+-log M(re-?)—2 log M(r), (17) 
where on the right we have added the extreme values of the height. 
We now use a lemma whose proof is postponed, viz. 
LemMA l. If 
(i) p(t) ts positive, increasing and convex, (18) 
(ii) w(t-+o,)+p(t—o,)—2p(t) > A*, for o, = {u(é)}-, 
then p(t) > e4-oF (19) 
for all sufficiently large t. 
As a result of this lemma we see that, if the lower order of f(z) is 
less than p, then there exist arbitrarily large values of r for which 
log M(re’)+-log M(re-?)—2log M(r) < p?, o = {log M(r)}-* (20) 
and hence arbitrarily large values of z for which 
ip(r)| < & for |r| < flog M(r)}-. (21) 
Our theorem then follows from a simple application of Schwarz’s 
lemma. For completeness we state and prove our requirements as 
Lemma 2. If (7) is regular for |r| < o and satisfies 
¢(0) = 1, ¢'(0) = 0, ld(r)| < M, (22) 
then for |r| < 00 (0 < @ <1) we have 


ii <a. 


23 
M—@ (3) 
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Mo*{$(r)—}} 
7{$(r)—M} 


is evidently regular and bounded by unity in the circle |z 


The function 


hence, for |r| < 60, we have 
M |\¢(7)—1| < 67|\¢(7)—M? | 
= @\4(7)—1+1—? 
< 6?\¢(7)—1|+ 67(M?—1), 
i.e. (M—6?)|d(7)—1| < 03(M?—1), 


which proves our statement. 
Now from (21) our lemma applies to ¢(7) as defined by (12) for 
suitably chosen z with M = e?. Theorem | follows at once since 


w(7) o(7)—1. 


In order to deduce Theorem 2 we must have an upper bound for JV. 


From (20) log M(re?)—log M(r) < log M(r)+-p?, (24) 


and from the convexity property 
No < log M(re’)—log M(r). 
Hence No < {log M(r)+p?}. 
With the notation of Lemma 2 it is clear that, when 
¢ = ¢(r7) is confined to the circle, 


M\f€—1| < @|\f¢—M?|, 
which meets the real axis in the points 


M(1— M62) 
M—@ 


as ends of a diameter. If 02 < M-', this circle does not contain the 


M(1+ Me?) 


Se M+e 


origin and, while ¢ varies within it, 
log f, < log|¢| < log @,, Jlog ||] < —log @. 
Theorem 2 follows immediately from these remarks and (25). 

We have confined our attention to functions of finite lower order, 
but it is clear that the method applies equally well to any other 
simple system of increasing functions by using a suitable modifica- 

* The homographic transformation ¢ (w—1)/(w—M*) represents the 


circle |w| < M on |¢| < 1/M. M{d¢(r)—1}/{¢(7)—M*; is bounded by unity 
in |7| < o and has a double zero at 7 0. 
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tion of Lemma 1. For integral functions about whose order nothing 
is known, a relatively simple result is 

THEOREM 3. If f(z) is an integral function and z = re'® is the point 
at which | f(z)| attains its maximum modulus M(r), then 
f(ze") = f(@eX"{1+ a(7)}, N = 2f'(z)/f(2), (26) 
where w(t)| < {log M(r)}-< for |r|\< {log M(r)}-4-€ (27) 
for all sufficiently large r outside a set of intervals in which the total 
variation of logr is finite. 
This follows from Lemma 2 with 
o = flog M(r)}3-, 6 = {log M(r)}-*«8, M=e?, (28) 
and the following lemma applied to log M(e). 
Lemma 3. If u(t) is a positive increasing and convex function of t 
and « is a fixed positive number, the : gi 
e(t+-o;,) + p(t—o,)—2p(t) < 2, = {u(t}? (29) 
holds for all sufficiently large t outside a set vi intervals of finite total 
length. 


3. Proof of Lemmas 1 and 3 
The proof of Lemma | is due to Professor E. M. Wright and is 
as follows: 
We are given 
(i) u(t) is positive increasing and convex; 
(ii) p(t+-o)+-e(t—o,)—2p(t) > A®, o = {u(t}. 
Since y(t) is convex, it possesses both a right and left derivative for 
all values of ¢. We use y(t) to denote the latter. Since p(¢) and p’(t) 
are both increasing, they are both integrable. 
From (i) and (ii) it follows that* 
p(t+-o)+p(t—o)—2y(t) > A* (30) 
for all o > o;, and, since o, decreases, 
p(T +-0,)+ p(T —o)—2n(T) > A® 
for all T >t. Hence 
p(t+ 20,)+-p(t)— 2pu(t+-a,) > 
p(t+30,)+ mero) Sul t+ 20) > A?, 


are +[n—2 Jo “a 2u( (+ {n—1]o) > At 


* u(t+o)+p(t—o)—2y/(t) is an increasing function of o by (i). 
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Adding, we have 
: p(t+-no,)—p(t+[n—1]o,) > (n—1)A?+p(t+o,)—p(?). 
Now o,u'(t-+-no,) > p(t-+-no;,)— p(t-+-[n— ] Jo,) 
w(t+-o,)—p(t) > o%p'(t), 
so that (31) involves 
o,p'(t-+-no,) > (n—1)A?+0;,p'(t), 
1.€. pe’ (t-+-no,)—p'(t) > (n—1)A?/o;. 
Now let 5 be a positive number independent of ¢. Choose 
n = [8/o;], 
and (34) gives 
p'(t+8)—p'(t) > (n—1)A?/o, > 8(A?—e)u(t) 
[¢ >t = t,(e, 5)]. 


Integrating (34) from f, to ¢ gives 
t 


p(t+5)—p(t) > 6(A?—e) | u(t) dt. 
ty 
Now suppose p(7') > Ce” for tj < 7 <t. Then, if 
K = 8(A?—e)e™/), 


w(t+8) > Cev+ © ai ) MKC 


> Cert+d). 


provided that Ww < 14+ 14 a 


—Ke-™. 
This last is true provided that 
A < ,/(A?—2e), <4, = Ofe), t >t, = t,(e). 
That is, if u(7) > Ce” for t, << T <t, it is true for 7 = t+8. 
Hence, for all ¢ > t, and some positive C (= C{t,}), 
p(t) >. CEA et (36) 
It may be as well to recapitulate, giving the logical order of choice 
of the parameters occurring in the proof. 
First choose « > 0 (small). Put A = ./(A?—2e). Now choose 6 > 0 
so small that O38 < 14-8(A-+€/22). 
The choice of ¢, is explained in the text and depends on « and 3. 
K then has the value 5(A+/A)e™ and ¢, is taken so large that 
Ke < ¢/2A. 
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Finally, since p(t) is positive and increasing, we can find C > 0 so 


that p(t) > Ce¥ (tj << t <4). 


Lemma 3 appears to be more elementary, and Professor Wright’s 
proof can easily be modified to establish it. 
If (29) is not satisfied for all sufficiently large t, let t, be a value 
such that p(t,) > e, and 
M(to+o)+p(t>—o7)—2y(ty) > 2, o = {u(t}. (37) 
Now suppose ¢, to be the smallest value of ¢ > t)+-¢ for which (29) is 
not satisfied and then, since o > {p(t,)}-!-€, 


w(ty+-o)+p(t;—o)—2n(t,) > 2. (38) 
Similarly, let ¢,.,, be the least value of ¢ > ¢,-+-o for which (29) is 
not satisfied. Thus for k = 0, 1 
M(t, +0)+p(h,—2)—2n(t,) > 2, (39) 
and, since p(t) is convex and ¢,.,, > t+, 
Mtyss)—Mtea—9) > eG +o) —p(G,)- (40) 
From (39), with k+-1 in place of k, and (40) 
Megia+o)—Mtesa) > 2+ (th, +o)—bet,) (41) 
and hence p(t,+oe)—p(t,) > 2k+p(ty+o)—pl(ty), (42) 
so that M(t 1) —p(t,) > 2k+ (tp +-o)—p(ty), 
and, on adding this inequality with k = 1, 2,...,n—1 to the preceding 
inequality with k = n, 
p(t, +o)—p(t,) > n(n+1). 
Hence p(t, +o) > n?. (43) 
Now take n = [{u(ty)}+<?]+1, (44) 


and let 7, be the least value of ¢ > t,-+o for which (29) is not true. 
Put 7, for t, and then . 

w(T,) > {ul Ty)} +. (45) 
Deduce 7, from 7, in the same way that 7, was obtained from 7, 


and so on. Evidently 
log -(T,,) > (1-+«)" log (Ty), (46) 


so that »(7',), and hence 7',, increase indefinitely with n. Thus the 
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values of t > J), for which (29) is not true are enclosed in a sequence 


of intervals of total length less than 


ie T \\s+e219 = 
+s fy) : (47) 


{H(T,,)}** 


From (46) this is a convergent series and the lemma is proved. 


0 
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NOTE ON A SPECIAL TYPE OF PLANAR TRIODE 
8S. D. DAYMOND (Liverpool) and L. ROSENHEAD (Liverpool) 
[Received 18 November 1937] 

1. Introduction 

[x a recent paper* on thermionic vacuum tubes various results were 
obtained applicable to the case of a planar triode having a plane grid 
of parallel wires of infinite length and small circular section. The 
anode and cathode were planes parallel to the plane of the grid-wires. 
In this paper it was shown that a method due to Maxwell yielded 
results which could be applied to thermionic tubes whose relative 
dimensions are those of the tubes normally in use. In the procedure 
suggested by Maxwell} the electrostatic field due to an infinite row 
of coplanar parallel wires of small circular section was evaluated and 
the ‘plane’ cathode and anode were identified with two slightly 
sinuous equipotential surfaces both at a great distance from the 
plane of the grid-wires. 

We propose here to discuss the distribution of potential in a planar 
triode having a grid composed of an infinite row of parallel strips of 
small breadth whose planes are inclined to those of the anode and 
cathode. By means of a conformal transformation (cf. §2) the com- 
plex electrostatic potential due to the freely charged strips will be 
deduced from that of the simple problem of a charged circular 
cylinder of infinite length under the influence of line charges. The 
complex potential thus found will then be modified so as to include 
a term corresponding to a state of electrification which produces a 
uniform field normal to the plane of the grid. At a great distance 
from the grid the equipotentials will be slightly sinuous surfaces and 
two such surfaces, one on either side of the grid, will be taken as the 
anode and cathode of the triode. In effect, a method similar to that 
of Maxwell will be employed. The application of the conformal 
transformation to the problem of the distribution of potential in, 
and the magnification factor of, the triode will be found in §3. 

When the strips of the grid are (i) at right angles, and 
(ii) parallel, to the planes of the anode and cathode, Appleton, 

* LL. Rosenhead and 8. D. Daymond, Proc. Roy. Soc. 161 (1937), 382-405. 


+ J. C. Maxwell, Treatise on Electricity and Magnetism, 1 (1892), 310. 
t E. V. Appleton, Thermionic Vacuum Tubes (Methuen, 1933), 42. 
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applying the method due to Maxwell, finds the following expressions 
for the magnification: 


: ; d - . WC 
in case (i) b, ae logsinh a, 
2} | Qn d| 
: d ._ 7C 
in case (ii) bs ce logsin nf 
\ Qa d | 
[See §4 for the significance of these symbols.] In actual fact the 
method employed is only accurate up to the first order in c/d, so that 
both sinh(zc/d) and sin(zc/d) should be replaced by zc/d. In the 
following investigation we shall show that, whatever the inclination 
of the strips of the grid to the direction of the anode and cathode, 
Qa . { d 7C| ; 
the magnification factor is b, "i a correct to first-order 
: 27 C 


terms in c/d. 


2. The conformal transformation 

Let z and { be the complex variables x-+-iy and £+-in respectively 
and k a real positive quantity less than unity. Consider the effect 
of the transformation 


9 ra 


ko 
k-?’ (1) 


, ; ; = 
—1 +inje-** = e'*log —e-** log 
C+k i ih 


C 


v 


on the space outside the circle |¢| —1. This transformation is a 
variation of one due to Kawada.* 
If ¢ lies on this circle and arg £ = 0, we have 


ef __} eif_ j,-1 


= | gale-tia — pia — pia , 
5d)-+-iy ke =. ¢ log if é log 04 pal’ 


and after simplification this gives 


d{. 1+-2k cos 6+ 
(w~—nd)sec a = y cosec a = —'sin « log 
27\| 1—2k cos 64 


where (1—2k? cos 20-+-k#)icos 0” = 1—E, 
(1— 2k? cos 26+ k*)!sin 6’ = 2ksin 0, 
and m is any integer or zero. Thus we have 
y = (x—nd)tan a, (3) 


* S. Kawada, Proc. Third Int. Cong. of App. Mechanics, 1 (1930), 
393-402. 
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where « may be considered to lie in the range —}a < a < }. 
Moreover, if R? = (x—nd)?+-y?, we have from (2) 

d 1+ 2k cos 0+ k? 
= —|sin alo — 26’ cos «). 
=" 108 19 cos 0+-k? 7 
It will be found that dR/dé@ is zero when 
(1+-k*)tan 6+ (1—k*)cot a = 0, 
and thus the maximum and minimum values of R occur when 
6 = —y and 0 = 27—y respectively, where 
(1+*)tany = (1—k*)cot «, (4) 
and these values are given by 
OL ane«,.i. 13 9k gj 
i= mond Mad +2 cos « tan-! ny " 
1—2k cos y+k? 1—k? 
where the principal value of the inverse tangent has to be taken. 
The (z, ¢) relation expressed in (1) therefore transforms the exterior 
of the circle || = 1 in the {-plane into the space outside an infinite 
number of strips of equal length which lie in the parallel straight 
lines y = (w—nd)tana« in the z-plane. The length of these straight 
lines is obviously the difference between the maximum and minimum 


= 


min 


| — 5 
av 


d («i 
= —|sin alog 


values of R. 











(a) z-plane. (b) f-plane. 
Fie 1. 
Since Ryjaxt+Rmin = 0, the centres of the strips in the z-plane are 
spaced at intervals d along the axis of x (Fig. 1a). Also, if the length 
of each strip is 2c, we have, from the last equation and from (4), 


On ou 
—— Rurax— Ruin 


1+-2kcosy+k? , 
= YT 2 cos «tan-! 


é sin «lo abiny 
—_— 5 12k cosy +k 1—k }’ 


9h 9). . 
mC ; : 2k sin « . ,2kcosa 
— = sinasinh- — + cos asin~! 


1—? +k’ 
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which determines the constant / in terms of « and we/d. As k is less 
than unity, the functions involved in (5) may be expanded in ascend- 
ing powers of k, and the equation then becomes 


77C 


= k—4k cos 2a+-jk?(2+-sin? 2a)+ O(k*). 
a0 


By reversion of this series we get 


mc . 1/{zxc\? >  _aifze + 
2 —— fo otenss COS Ja+-COli—} }. 
it 3(aa) oats (53) | 


3. The complex potential in the z-plane 

It is first necessary to obtain the complex potential appropriate 
to the problem of the free electrification of the cylinder of unit 
radius, of which Fig. 1b represents a section normal to the axis of 
the cylinder. Since the function of ¢ expressed in (1) has logarithmic 
singularities outside the circle |Z 1, at the points +-/4-1, the com- 
plex potential to be found must also have logarithmic singularities 
at these points. Obviously, the function y = ¢+ i, where ¢ is the 


electrostatic potential which arises from line charges, equal to —4e, 


te per unit length, passing through the points = +k-!, €= +k 


respectively, gives constant potential over the cylinder and also 
satisfies the condition mentioned above. Thus, if the electrostatic 
intensity in the direction s is defined to be —éd¢/és, the required 


complex potential is given by 
x = o+up = —elog(t?—k*)/(1—k*¢?), 


the potential ¢ being zero on the cylinder. 

The complex potential function y in the z-plane, arising from the 
free electrification of the strips, now follows by eliminating ¢ from 
(1) and (7). The elimination of ¢ from these equations is quite simple 
in the two special cases for which « is zero and $7. 

In the former case (a = 0) we have, from (5), 


k = tan(zc/2d), 
and, from (1) and (7), 
C—C-1 = i(k—k-")tan 
( 


and 47-29 — (1—k?) 
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where ¢ is written for exp(—y/e). Hence we have from the last three 
relations a ~~ 
sin-- = —isin—sinh. 
d 2e 


d 
Similarly in the latter case (a = $7) we find 
mC 
k= tanh — 


and the corresponding equation for the complex potential is 


Tz —_ 7C 
7* = isinh ~~ cosh. 
d 2e 


sin 


d 
In both these cases expressions for the complex potentials can be 
found by more direct methods and they agree with those given 
above. It will be noted that in the cases dealt with here each strip 
carries a charge e per unit length, which is therefore the charge of 


the cylinder in the ¢-plane. 


4. Application to the triode 

Let us now assume that the grid consists of an infinite series of 
parallel strips (Fig. la) each of width 2c whose centres are spaced 
at intervals d along the axis of x, and that the cathode and anode 
coincide with the planes y = —b,, y = b, respectively. In practical 
cases the dimensions are such that (6,+-b,)/d and b,/d are approxi- 
mately equal to 5 and 2 respectively, and c/d is not greater than ;. 
With reference to (6) it will be observed that when c/d is equal to 
ij, the greatest value yet used in a thermionic tube, the quantity 
(k—me/2d)/(we/2d) is of the order }(7c/2d)?, or less than ;j5. Thus, 
whatever be the inclination of the strips, the value of k in practical 
cases may be taken to be ze/2d. 

If the grid is placed in a uniform field EH directed towards the 
cathode, the complex electrostatic potential is of the form 
(2 }2 
1— kf?’ 
where x’ is harmonic in the space outside the grid and must be chosen 
so as to make ¢ constant on the grid itself.* 


x = o+i~ = —iEz+ x'—elog 


* In connexion with this point we are greatly indebted to the referees for 
giving us the exact form of the complex potential to replace an approximate 
form which was discussed in the original version of this note. Both the exact 
and the approximate forms yielded the same result because they were identical 
to the first order of the small quantities involved and because the following 
investigation has no pretensions to more than first-order accuracy. 
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Using (1), we have 
Ed | 


2a | 


om 
C+k sam 


—in--e?!* log 


‘ ‘ 4 {—k 
Obviously, the term —t1-+-e*** log - 
+k 
is harmonic in the grid space and may be absorbed in the function 


, 


x’. Thus we now have to determine ;’ satisfying the two conditions 


mentioned above, such that 


a ee en , —k 
Both conditions are satisfied if we take ,’ = ; Pe’ so that 
217 + Kk 


finally we get 
—_—" 
x= ¢+i~ = Hd), lose i a i)- elog a (8) 
C—k-1l+k ~ 1— kl? 
where ¢ now has the an zero on the strips, and ¢ is a function 
of z given by (1). 

Let us now consider the effect of the transformation (1) on the 
small circle £ = k-!+-rexp(iw), where for the moment we shall 
assume that 7 is at most of the order k. Substituting this value of 
f in (1), we get 

. 297 ' - 
1 ze tity) = —log $kr—2k?e?**—i(2+-w)+ bkret+ O(k*), 
and, provided that k* is small compared with —log $kr, we have 
wind ; t+w, ary —log hkr. 
d d sain 
Thus the corresponding contour in the z-plane is approximately the 
straight line y = bg, if 
tkr = exp(—2z7b,/d). (9) 
Now exp(—2zb,/d) is of the order exp(—6z7), while k (= ze/2d) is 
of the order 4, so that both k? and kr are very small compared with 

log $kr, and consequently the above contour is practically a 
straight line parallel to the axis of x. Moreover, the value ¢, of 
the potential at any point of this approximate straight line (which 
is the section of the anode made by the z-plane) is easily obtained 
from (1) and (11) by substituting k-!+-rexp(iw) for f. We have 


Ed 
Lhy_l a Dy] 3 
$a = — — log $kr+-e log 2rk’, 
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approximately, terms of the order k? and kr having been neglected. 
Substituting wc/2d for k and using (9), we get 


5 = Meo “7 (bs —“log77). (10) 


In a similar way we find that, to the same degree of accuracy, the 
small circle £ = —k~1!+-r’exp(iw’) in the {-plane is transformed into 
the straight line y = —5, in the z-plane, where 

kkr’ = exp(—27b,/d), (11) 
and also the potential ¢, at all points on this straight line (which is 
the section of the cathode) is given by 

—¢, = EHb,+ °F (S87) (12) 
If the differences of potential between anode and grid and between 
grid and cathode are respectively v,—v, and v,, we have, since in 
the foregoing discussion the grid is at zero potential, 
o,=%—v, and —¢,= 4. 
We then get, from (10) and (12), 
2 


v, = EHb— “7 (b,—by), 


2 
, 2are 7 
= Hb,+ h, —2e log — 
d d 


where b = b,+ bg. 
Now we have, from (1) and (8), 


eb eh _ dx _ dx /dz (1—k?) kd E(1+- 22) —2mef(1+k2) 


—/>==-? ; ; 
ex by dz dt/dt kd erta( | —k2f?) 4 (2 
At a point of the cathode we have ¢ = —k-!+-71’e’’, and to the 
present degree of accuracy we therefore have, on the cathode, 
c 0 . _ Qare 
a a £ ory Fic | 
oul d 
and the surface density of charge there is given by 
0 27re 
—4ro = —(3) = K+ : 
Oy) y=-», d 
Eliminating # and e from (13), (14), (15), we have 
by Vg +Avg 


—4ao = = 
77 = BA, be 


where 27A = —d log(zc/d). 
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The capacity coefficients C,,, C,, of the grid and anode respectively 
are obtained by identifying (16) with the equation 
—4ro = 4n(Ci.v,+¢ 


‘9 13 Va), 


and thus 
4nC > b,/(bA+-6, b.), 4nC\, = A/(bA+5, 5g). 


The magnification factor is therefore given by 


d mC 
m = C,,/C,, = 6,/A = 6, FY cae log — | 
2/43 2 2 5, 101 
/\" 22 as 
which is independent of «. We therefore see that, if the grid is com- 
posed of strips of small width, the magnification factor is independent 
of the inclinations of these strips to the directions of the anode and 


cathode. 








ON &s) AND a(x) 
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1. In a recent series of papers Vinogradoff and Tchudakoff have 
obtained important new results on the order of f(s) in the neighbour- 
hood of o = 1, and on the order of the remainder in the asymptotic 
formula for z(x), the number of primes up to x. Tchudakoff’s papers 
(3)-(6) hitherto published depend on Vinogradoff (1) (see the list of 
references at the end). Still better results follow from Vinogradoff 
(2), and these are obtained in the present paper. My main object, 
however, in writing the paper is to present this rather complicated 
argument in as simple a form as possible. 

2. The chief purpose of the method is to obtain an upper bound 


for the sum p 
J — b 3 e27if(m) 


m=1 
where f(x) = ax™+1+-a)2"+-...+4, 
is a real polynomial of degree n-+-1. 
Let p,,..., P;, be positive integers to be determined later. Let 


Pi 
_ 2rif(x+y) 
S; = Zz é Ma+y 
z=1 
Pm 7 
and = pa e27if(veP2 tee +V¥m Dmt+Hmt+Y) (m = I ea k). 
-Pm=1 
Chen 


P Pr ee is . Mm-1l PtP, 
Serer = py & eomitnv + ("S + 5 )Ors) = rs S+ Ol) 


mM=P; m=2 m= P 


l< 
= > S,+O(p,), 
Ly=1 


the constants of the O’s being absolute. Next 

4: 

> &, = — 4 s e27if(v2P2+paty) — yi e27if(ix+y) — 8, 

v.=0 =0 p.=1 z=1 
if P22 = P,;; and so on generally. Hence, if 6 is another positive 
integer (b > n), 

Y 12bk pS g [PD 2bg2(k—1)-1"5 |, )2(k-1 

|S, |? = |8,| | > Sy < |S, |%q3*-»- 2 ,|S2l —~, 
= V= 


2b(k—-1 api g [-*) 2b 2b(k—-2)-1.% 1.0 |2(k—2) 
|S, |24-) < |S, >» S,| < |4,|%93°*-*- 2 |S ities 
m- 


3695.9 
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and so on, until 
Pee 
< |S,1"a2 > 
Vvy= 0 


2b-1 
tS. 
Ve 


Y 2b.2 
[Sp—-1 | 
Hence 


Y 12bk .« 2b(k—-1)—1,2b(k—-2)-1 
|" q2 q3 


Vk 


and 


ee ee es 
|S| < pr? PI > |S, 20k) +0(p,) 
y=1 


“a? > 


Ve 


p, 1 Pile ( q7e- —1)-i 


E28 


max ¥ IK 
. ge? max > |S, ... 


— 
9 S|) 1/2bk 


y=1 
contains the term e27‘/@+”), where 


—1 P1—1/2bk[ ,72b(k—-1) Y |OF 
Pi I 4 (43 , oe S;,| »)"" 


= PI-1Wk(y, ... p,)7 


(max 3 x1 
3. Every S,, 
+v,p,+1, 


Xp = VePot--- 


provided that y,, takes the value v,,.. Pia 
true, since 
1) Pm+irt o 


+ (Pp-1— Pr) + 


l< (Qn+t 
Pmi)t+--- 


CYR PRT 
(Pm— 
Hence we may write 
Pm—tm—1 H —Tmt+hPn|H 
A a Ss e27if(otVttm) — 
m — 
h=1 Umar 


—Tnt 


H 


_ > St ? 


h 


where |7,,| <p, and H is an 


Hence 


=z 
Om — Sin, im 22? S mhp 


say, 


where hy, 
It is then clear, 
! io y 
b! 2 |Sn,ty eee Sinks 
h, shy... Shy <A. 
Hence 


et 


where, in > ] 
than H® terms. 


(ob!) > 


1S, |2. 


(h-1)Pm/H 


8)" +-O(p,) 


2bk 


+ O(p,) 


+ O(p,). 


+...+7;,p;,+1, which is 


+(a—l)p,4+1 


Pat) & Py 


2rif(xo+ Y+Um_,n) 


integer dividing p, (and so 


, 4, are chosen independently from the numbers 1 to H. 
e.g. from the multinomial theorem, that 


Thus *y contains not more 
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where the first factor is taken from one of the terms of » # |C,|, ete., 
C,,, being short for C 


’ MNy ms-s)bom” 
Thus },, contains not more than H* terms. Hence 
|S, ... S| < (bY, 1D, [Cy -.. Cel? 
< (b1)*H%* ¥. |C, ... O, 2. (3.1) 
4. We may say that the numbers h,,,,,, ..., dy, are well spaced if 


there are n of them (at least), say j,,..., j,, none of which lies in the 
interval (Hr,,,/p,,—AH'-™, Hr,,/p,,+AH'-¥" +1), and such that 


foxaJe Z> A -ts4-1 
where A = A(n) > 1 is to be fixed later. Let 


eo IC, ... GE |* = Bas + Zew 
where >, contains terms in which C, C,, are all formed with 
well-spaced h’s; >, , contains terms in which at least one of C;,..., C, 
is not so formed. — 

The numbers h,,... are certainly well spaced if at least n+-1 of 
h,—h,,..., hy —hy_, are not less than 2AH!-""+-1. Hence, if they are 
not well spaced, at least b—n—1 of these numbers are less than 
2\H1—1"--1, The number of such sets of h’s is less than 


b(b—1)...(MF1) (9 py1—tin 4 1 yo—n—1 Fn +1 =< b! (3A)?-" F7o-O-n—-Din, 
1.2...(b—n) ke 


Hence the number of terms in >, , does not exceed 
k.b! (3A)?-" F{o-O-n—-Din  FFOK—D), 
\<eaf Ol< TAL 
Also Sinn S Pm H, iC mi S&S (Pm H)’. 
Hence 
112 — b—n FJ -bk (b-n- Y ‘ 
Dee [Cr -++ Cyl? < &.b! (3A) Hk -O-n—Vin(, ... py). (4.2) 
5. In } we write 
=e ee . R . ’ 
c Higgs » exp 2a (f(tot+yt+ y es tS (CoFYAV mn, dsn)d> 
each v going over its proper range, so that >}, contains (p™/H)’ 
terms. Now 
S(@ot+yt+ Wet a coe 
. ; F » . ) 
= AL (Lo+Y +m din)” 1+ .}+-ao{(a ae te te ee 
7 WwW 
= J matt {ay+ (n+ 1 )a(%o+Y)Vinw+t —* 


thar [ — sv 
where Vine = Una t o F Um han’ 


9771B 
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Let U, = V,,4+...+h,- 
Then 
C, ... CO, = >, exp 2wifa Uy 41+ {ao + (n+1)a(ay+y)}U,+---}; 
>, containing (p, ... p,)’H-* terms; and, with an obvious notation, 
IC, ... Cy |? = >, Dd, exp 2aifa(U, 44 —Unsa)+ 
+{ay+(n+ l)a(ayt+y)}(U,—U,)+--.}- 


Hence 


Z 221 | ie coe 
oes + 3 > exp Qrri{[ag+(n+ 1)a(ayt+y)](U,—U,)+-.-}). (5.1) 
+] 


Let the number of solutions of 
—U), = 2; 
in this sum, for given 2,..., 2,, be K(z,,...,z,). Then the right-hand 
side is 
p 
> K(z,,.--) 2) 2 8 Qrif{[agt (n+ 1)a(ay+-y)]z,+--.} 


P 


<maxkK > 2, 
Cryer kn Y= 


< max K( 2 Bes i 2 > f exp 2mi{(n+ l)a(y—y')z,+..-)*. 
in U=1Y : 
Since |v,,,,| < py, ete., |U,| < bkp;, and z, goes over not more than 
2bk p, values. Hence 
= 1 < (2bk) "pir +1), 


Zayeonyt ¥ 


Hence 


re : : 
> D2! --- Cel? < max K(2bk) impr) x 
y=1 
x ( Ss > > > e27i(n+aly—y' en )} 


Zynn-1 YU Vo | Zp 


< max K(2bk)*"pin+) x 
P P 


: 1 
Qbk)r-1pima-) 2bkp” i. 
(2bk)"-1pi - az min( Kp, isin 7(n+1)a(y—y’)| |? 


Let (n+1)|a|P < }. Then 
l j 1 
< ds 
\sin w(n+-l)a(y—y’)| 7 
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Hence the y, y’ sum does not exceed 


1 1 eth 
a(itst~+ po} ie (2hkp+ 


2bkptP +7 


2 log “\p 
|a| 
< 4bk\a|-*P log P 


if p? < 1 ule . Hence 


2 2a1!G -- C,.\2 < 2max K(2bk)"p}"|a|-? P? log! P. 


6. To obtain an upper bound for K(z,,...,z,) we use the following 
lemma. 
Lemma. Let —p < v, < Ug... <v, <p, and 
Vieg—Y; > pH (i =1,2,...,n—1). 
Let x4,..., &, satisfy the equations 
(1+-fipep 74+... +(1+f,,)%, a, =¢, (r =1,2,..., 2), 
where le,| < op’, if] < o-“e-sm, 
Then for each r 
\a,.| < 2e(4p)"-1/(v,—,) ... (Uv. —¥,_1)(Up44—2,) «+» (Up —2;,)- 
It is sufficient to consider 2,. Now the result of eliminating 2, 
between the equations with r and r+-1 may be written 
(l+91,t "+. = 
— Ch41 
cs thar 1+far+t j 
“a int (lsecfu » Suen Suess 1) | 
~ —%\ Pia, Lt Snort 


Since | farl < 4, <a 


where Y, = (v,—%)%, 


\d,.| < 2p.cp’-1+- 2cp" = 4cp” 
and Duel < pL". 8p max | f,,,| < 8-"+1H-1+2n, 
Repeating the process, we arrive finally at the equation 
(+44 = m4, 
2, = (v,—?)) ... (U,-3—) 4%; 
|m,| < (4p)"—Ic, ts] < 8-*H-A+ a 5. 
The result now follows. 
Since (v,—?,) ... (v,—v,) > (pH-Y")"-1[4n— $4]! 


we also have \x,| < AcH1-1n, 


where 


where A is an absolute constant. 
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7. In >,, we have 
— . Ly) 70) 1 (2) 
Taip == Unum t °° -FUn jn, = | J mr =V m, +) m,r? 
where the j’s satisfy (4.1). Let N be the number of solutions of 
7(1)_} ro) — T . . 
Vy2+... +72 = WwW (r= 
W,. Let N, be the number of possible sets of 
, consistent with these equations. Let N, be the number 
of possible sets of v2, .,..-, Uj, for given W, and given 2, ;, , 
Let N, be the number a possible sets of v3; .,.--.U3;,, for given 
; and so on. Then 
BH = NN,... N,. 
Now all values of V‘), lie in an interval of length np7,. Hence, for 
given W,, V{) lies in an interval of length 
n(po+...+pi.) < nkp}. 
For given W,, v, ;, , i.e. given W, and V{)), VP lies in an interval 


of length presen < nkp}, 


and so on. Finally, > v7,;,, is given for r = n, so that v, ; ... are 
the roots of a given equation of degree n. Hence N;, < n”. 
Consider now N,. Divide the interval in which V{?) can lie into 


parts of length not exceeding p{~!, the number of such parts being 
not greater than [nkp}/pj~1]+-1. Let v, », and v,+2, 
be two sets of values of ,,;,,..., V,;, for which V{}) lies in the same 


partial interval. Then 
(%+2,)" ih r oot (0, st 2e) —% : ’ j : PY ’ 
for r 
Utz € 

(v-+a)"—v"—rav’| = r(r—1) dé | n’* dy 
aici oe 
if |x| < |v|. Hence 

> Ly \r oP = gp efi i 3 

(Ya)! —oy = 12,07 71 +fir) 

where fir] < 2°-(r—1)|a,/2,|. 
Here |x|, as a difference between two values of v,, ;, does not exceed 


H; and = 
Imi . lYm,g, > Pm H-lngn —3(n = )8" 
if A = 24"-3(n—1) in §4. The conditions of the lemma are therefore 
satisfied, with p = p,,,c =1. Hence 


<Any < AR, 
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and similarly for 2,,...,2,.. Hence the number of Vpjo---> Uz, for 
which the V{}) lie in given intervals of length p{- is less than (24H). 


Hence 
n n 


ron nkps nT] Pp: 
N, < (24H) [| (= +1) < (44H) [] me 
— (4nkAH)"pir pr imnr—D, 
provided that nkp; > p{-1, ete. Hence 
N < (4nkAH)"*(pg ... p,)8!*(p, ... Py_y) 2-0” 
= n"(4nkAH)"*(p, ... p,)™pz rr Dpjprer-», 
Now for given h,,..., h, the number of values of V), does not 


k 
exceed (p,,/H)’-"; the number of sets of values of U; is TT (p,,/H)’; 


m=1 
and the number of sets of h’s is H**. Hence for given z, the number 
of sets of values of W, does not exceed 
—k\2b-— ie 2b- —(b—n)k 
(p, ... p, H-*)*“H™ = (p, ... p,)®-*H-©-™. 
Hence 
Zn) < n™(AnkA)H-O-2Mkp-IMDp}MOM(py ., py)”. 


Hence 


; 
> Sar [Cr Oxl® < Ryla|APHog!P.H-O-2rp mph, ... py)”, 


where R, = 2(2bk)"n"(4Ank)". 
Also by (4.2) 

- IC, ... C |? < B, PH-*-0-*-lin(y, ... 9)”, 
where R, = k.b!{3.24"-3(n—1)}°-. 


Hence by (3.1) 


P 

¥ |S, S|” < R(py «.. py)?(\a|-2P! log? P. Hk pF inp pn 
y=1 

y | PH-O-»-1n), 


where R = (b!)* max(R,, R,). 
Hence by (2.1) 
1 1 n _o—n-1 
S|< (2) P{(P- |a|—log P. py "pee-))*H° +H 2kna }+O(p,). 
8. Choice of the parameters. We take 
1(8 —1\*-1 


H=[P*], p= [tenn posed, 


and 


1f(jn—1\"-1_(n—-1\” 
Pm Pm+1 =ia52— [ayia ‘ ( r ) i (m —_ 1, 
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To make p,, > H we require 
n log 1/\a 
k—1)log < log 8k+-log —2—— 
( M08 n—I1 ~ Jog P 


This is satisfied by taking 


log 1/\a n 
k | (toe 8m +109 log P ) roe, le 


since this makes k > n. 
We obtain D1 = Pee --- Ue < (1/|a|)"" 
as required in §5. Also clearly 
Py >} 2-*(1/|a|)¥, 
so that a Addins (n/4bk) .~ Qn/4b —_ ye 


Also 
n—1 


1 m—-1 1 k 1/n—1\m-2 k 
LL, / f 1 by n ) * 1\"-1/ ] 2 _ 1\n-2 
Pm | (i y } - (5) (= “a (;) Ym: 


and the conditions nk p*,,, > p’;! are satisfied. It is also easily 


verified that 1/822 
=P". 


Hence we obtain 


1 1 n—1 b—n-1, 
Ss Of b P r bk log 4bk Pp Psk P 32bkn } nl O| bP ‘— iébien® )- Of(1/\c 1|)" | 
: 5 : ° i }* 


We may take 6 = 2n; the first term is small compared with the 
second, and we obtain 
se n—1 1 
S = O(nP s2kn’) f O1(1 a Pi. 

If P > (1/\a\)"", then log(1/|a|)< nlogP, and k < Anlogn. If 
P < (1/\a\)"", the second term makes the result trivial. Hence in 
any case ‘esac 
S= O(nP pleased |a|)";; (8.1) 
where A is an absolute constant. The only restriction is 

2(n+1)\a|P <1. 

9. Application to {(s). Let 0 <o0<1,N < N’ < 2N. Then 
= as O(N-9 max = ¥ e-itlogm ). 
\ N<N’<2n'N 


Divide the sum on the right into O(N /y) parts, each of length not 


exceeding pz, where pe = BNtHHens2), 
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QLP 


If one of these new sums is > , then 
Q+1 


P ig 
e—itlogm), — Zz e—itlog(Q +7) 
r=1 
2 (—1)"r"41 = pret 
~ ir “Ji 
n 


, uae 
exp{—i(F +t Qual (n+2) Qua t 
C8 ynyntt s 
(n+1 aml Phe It a) b say, 
n+1 
> rexp|—it(7 +. ae = ‘on 


oie i Sho) | 


ee / 
max > exr(—i(5+- ‘Tite 


1<P’<P 
‘ 
. Here 


exp{—ii( 7 +.. 
1. eh 


P 


(—1) 
+1 


upply the above result to the inner sum, say S 
Pn t 
a| = ‘ 
Ban 1)Q"A 


Since P’ < P < p, we obtain 
Cfo O(npi-An~ “loge ~*n) + OF(Q"+14-1) n} 


oie Ofn( Vin +2))1—An~“log~*n) 1 CN 1+(ln)g—Cin)), 


pre | = O(1). 


S i " <ex l, 
SEP \(n+2)0"2 * )f 


Also le,(¢)|{— ) 
b 2 a (0 \( 
Hence : 
—An~*log Nin ) 
(wa (n+ 3 > {2/n(n +2)/ | 


N’ Ni-e ( 
> a? =x of max si) = = oln hie 

H | 
It is then easily verified that 


log®N 1 


- [$ log t/log N’}]. 
N —An~*log~?n 

l <4 , 

Fs 5) log‘t log®(log t/log N) 


> Let n 


and log{ NU" /t2/n+2)) < —A log*N/logt. 
The second term can be omitted if N <t. Also the condition 
2(n--1)\a|\P <1 is now tP < 7Q"*', which is true if t < N”, ie 


- logt/log N. We have thus proved that 
‘toe 


N. log t log®N 
¥ m- _ of .Ni-9 A--—., 
¥ \log N° " (— log*t log?(log t/log N) 
log t r { _ (log N\4+€ 
)| —2_ .N1-"%exp;{ —A log N[—= 9.1 
lice V exP) A log ( ee) | (9.1) 
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for every positive «. This result is non-trivial only if 


4+e€ 
N > exp(logt)?** = ,. 


We can also write it 





i ‘log t { r ,(log N\*+*) 
m-* = O} —°__.exp{(1—o)log N—A log Nj —2 , 
2 Ee \' ad ( log t || 
If o <1, the exponential, considered as a function of log N, is a 
maximum if 1 


{ 1—o \4fté 
log N = log t. 
7 (ea) Ne 


Hence, with new A, 


N’ 
3 m-* = O( logtt .t44-0") 
N 


uniformly in o <1, where « = (5+)/(4+-«). Hence foro <1 


f(s) = > m+ O(log*t.t44-0*) 
m<N, 


O J e(1—o)logt)> + O(log*t 144-9"), (9.2) 
l—o 

For a fixed o <1 the first term may, of course, be omitted. The 

result obtained is an improvement on what was previously known 

for sufficiently small values of 1—o. 


are 
Taking o = 1—(logt) °** 
we obtain f(s) = O(log't). (9.3) 
By the usual Phragmén-Lindeléf argument, this result therefore 
4+€ 
~B5+E 


holds uniformly for o > 1—(logt) 
For o = 1, (9.1) gives 
log t 


N’ o N\4+e€) 
> m4 = o| exp! A log w(ze 4 1 
¥ J 


log N° og t 


Yb 


2e 
for N > WN. Let N > exp(logt)?*** = N,. Then 


Si 


€ 
log5+€N /log4+*t > (log t)®***. 


Hence > we O|log't.exp| — A (log t)****|} = O(1). 


Nism<t \ 











ON Us) AND x(x) 
4+ 2€ 
Also >. m-1-i — O(log N,) = Of { (log) 7. 
m—N, 
Hence {(1+it) = Of(log t)*+>} (9.4) 
for every positive 5. 
10. The zeros of f(s). We shall use the following theorem. 


TuEorEM. Let f(s) = O(e*) for o > 1—O(t), where o(t) and 1/6(t) 
are positive non-decreasing functions of t such that $(2t) = Of¢(t)}, 
A(t) = Of8(2t)}, 1/0(t) = O(e4#). Then there is a domain 

a > 1—A O(t)/P(t)  (t > ty) 
in which €(s) has no zeros. 

This is the obvious generalization of Theorems 8 and 13 of Titch- 
marsh (8). 

Suppose that B+-iy (4 <B <l,y> _ is a zero of {(s). Let 

1+e-49” < oa, < 2, = A, Wy), 
89 = Oo +ty, 89 = O9+2iy. 
Then, if A, is properly chosen, the circles |s—s | <r, |s—s| <7, 
both lie entirely in the region o > 1—6(t). Hence in the first circle 
Us) | AIL) — gage, 
C(89) a—1 
If 8 > o,—3r, it follows from the second lemma of § 1.41 of Titch- 
marsh (8) that Re otir) — 4H ¥) 
C(o9+ ty) Ay) 
c’ (a+ 2ty) 
{(o9+ 2ry) 
_ (9) 5 1 
l(a») 4o,—1 
if cj—1 is small enough. Combining these inequalities with the 


Similarly, <A 


Also 


known inequality 
_3 C'(90) _ apt (9+ ty) Ro (o9+ 2ty) >0 
f(a) C(og+ty) C(o9+2ty) 
and solving for 1—f, we obtain 


i =~ Mir) /{° l $(y)\ 


\4 (2 1 **6(y)) 


To make the right-hand Pe poe we take o, = 14+-}0(y)/As$(y); 
we obtain 1—B > AWy)/d(y) 
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as stated. The alternative is 

B < o—}r = 144A Wy)/b(y)—A Wy), 
which gives 1—B > AWy) > A Wy)/P(y) 
again. 

By the result of the previous section we can take 
_4+e 

A(t) = (logt) °**, A(t) = $loglogt. 
It follows that for every positive 5, there is a K = K(8&) such that C(s) 
has no zeros in the region 

o > 1—K(logt)-*+®, ae. 

Inequalities for 1/{(s) and {’(s)/¢(s) are easily deduced by standard 
methods; e.g. 1/£(1+-7t) and @’(1+-7t)/€(1+7t) are both of the form 
Of(log t)* +>}. 

11. Application to x(x). It is proved by Ingham (7) (Theorem 
22) that, if ¢(s) has no zeros in the domain o > 1—7n((t|), where 

n(t) satisfies certain simple conditions, and w(x) is the minimum of 
n(t)log x+-log t for t > 1, then 
a(x) = lix+ O(xe-44) 


for some constant A. We can now take 


n(t) = K(logt)-**, w(x) = K(logx)® 55. 
Hence a(x) = liat+O(xe -Adog.2)8~£) 


for every positive e. 
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THE APPROXIMATE FUNCTIONAL EQUATION 


FOR @s) 
By E. C. TITCHMARSH (Ozford) 
[Received 1 December 1937] 


1. Ir was proved by Hardy and Littlewood* that, if 


2 
~<ect, 2s>4, o>, “* 


2a 
then 
per tee d(n) d(n) re } 
t= to De )+Ofxt-o(=)Flogiel) 
where x(s) = 2%2*-1sin $sr7T'(1—s). 


In the present paper I give an alternative proof of this theorem; 
the O-term is replaced by O(x'-?logt), which is equivalent to the 
previous one in the most interesting case x = y = t/(27). The main 
difference between the proofs is that, while Hardy and Littlewood 
use an integrated formula, and end with a differencing argument, 
my proof is a direct extension of the Hardy-Littlewood method 
for f(s). 


2. We first obtain an exact formula for £?(s). If o > —4, 


£2(8) 7 pe d( (n Poet, dn d(n Mi <a “t é 2 *(2y + log x) + 


* ae | Ki) +47) gy, 


ni-s prs 


n=1 4rrv (nx) 


(2.1) 
where K,(v) and Y,(v) are the Bessel functions usually so denoted. 
To prove this, suppose first that o > 1, and consider the integral 


I= a | ae tit) dw (l<c<o). 
271 w(s— 


c—in 


Inserting the series } d(n)n-” for (?(w), and integrating term by 


* G. H. Hardy and J. E. Littlewood, Proc. London Math. Soc. (2) 29 (1929), 
81-97. 
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term, we obtain 
ct+ix 


x 


Fi syu-s 
I= — d(n) [ nn” dw = > d(n)a*+ ¥ d(n)n- 
Qi Lo \ J w(s—w) 2, ate , (”) 

n c—ia 


= (8 d(n)n~*+-x-* ¥ d(n). 


ns noe 


On the other hand, if we move the contour in J to R(w) = —b < 0, 
we obtain 


-w)(s—1+w) ott —1w) deo 


syi-w-s 


ee (27r7)-*’ P'?(w)cos*hwa C2(w) dw 


+ b+ ic 


3 “ ] [ sxl- (lias I > 1 
= — d(n 2(w)cos*swa(2avn)-2” dw. 
a1 (1—w)(s—1+w) () atin 


n 


1 ee i~ 


Now we have the Mellin transforms* 
E11 Ky (€)+4¥,(8)}, 


Thus, if a > 0, 


z—1)cos*}zn €-* dz 


21 (w) P(w—1)cos* hw €-2” dw. 


Multiplying by €'-**, and integrating over 47,/(nxz), 00 (or using 


* See my Fourier Integrals, (7.9.8) and (7.9.11). 
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Parseval’s formula for Mellin transforms), we obtain 


x 


[ ein) 


a « 


. 
4ary (nx) 


dw. 
2—2s— 2w 


The result now follows for o > 1, and so by analytic continuation 
foro > —}. 

3. We now take 0 < o <1 (there would be little difficulty in 
widening the range) and ¢ > 0, and prove 


ao) ¥2(8) S d(n) O(x!-¢ log t). (3.1) 


ns ni-s ° 
C nsy 


We may suppose without loss of generality that x >y; for, on 


dividing by x*(s) (|x(s)| ~ K#@-?) and then changing s into 1—s, we 
obtain the corresponding result with x and y interchanged. 
We know that 
> d(n) = xlogx+(2y—1)a+ O(z4). (3.2) 
noe 


Hence the second, third, and fourth terms on the right of (2.1) are 
together O(a?-°)+ O(a!-%-1 log t) = O(a'-° log t), 


since y > A, x < Al®?. Now 
K,(v)+4nY,(v) = 7\t —cos(v—47)+ : sin(v—j}7)+0 i 
My WE ages 5! feo om ° eel By 47 v2 P 


and the contribution of the O-term is 


ole S d(n) [ - ii S d(n) 
| s-- Jj gen n'-?(nax)ott 
n= 4m (nz) n=1 

a= Ofix-*-*) = Ofe*-*). 
The leading term contributes 


ao 
2) 


iat. . 
2-Iqe-tg SO) [ 2 dv. 


ni- pstt 
n=1 4mv(nz) 
In this sum we write 


n>U y<n<ytvy  ytvysn<4y n>4ay 


We now use (2.25), (2.26), (2.27) of Hardy and Littlewood’s Lemma f 
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(it being easily seen that these are true without the restriction 
o < 3 stated), and the corresponding results with sine for cosine. 


From (2.27) it follows that in >, 


[ cos(v— 4 


528+4 


" dv = Of(,/(nx))-°-4#4} = O(t-29), 
anv (nz) 


and hence 


/ 


2 = H 


1 


d(n)no-4-*2) om O(ye-4-2 = d(n)) 
Y<n<ytvy \ y<n<ytavy 


= O(y?t-*°y' log y) = O(a!-*t-* log t) 
as required. 
Next, by (2.26 a the integral in >, is Of{(nx)-°-*}, and hence 
I(n ) 
ay - Oln--4 > 
Ze \ 2 1- (nar) a4 7 Sa) ni J 
Ot :-o-4y-t log y) = O(a-°t-* log t) = O(a*-°t- log t). 


In >, we use (2.25), which gives 
cos(v— 47) ] jet{aav(nx)—I7} 
av = it 
pst 2{4ar4/(nx) — 2t}{ 47r,/(na)}°8-! 
4m (nx) 
t(na)t- | 
Var (na) — 2t)3} 
The first O-term gives O(2!-°%t-1log?t) as in ae The second con- 


tributes to >, 


+ Of(nx)-?-4}+ 


d(n) 
( 2z7,/(nax)—t)8)° 


O ly 1pi—20 


ytvysn<4y 


Now 
(2ar4/(naz)—t)-3 = (2rva)-3(Wn—vy)-* = Of(y/x)*(n—y)>}, 


and d(n)  __ of ma 
(n—y)° k yt+kvysn<y+(k pawy HV? 


vy log y e 
= - = O 1 y E 
of 3 (vy) (y-tlog y) 


Y+Vysn<4y 


Altogether we get 
O(y?-3t!-2a—! log t) = O(x-°—t! log t) = O(a!-°t- log t). 
4. The remaining sum is a bounded multiple of 
d(n)et™*vnx) 


get 
i ly)" 
ni (vn—~vy) 


yt+vysn<4y 
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It is sufficient to prove that 


d(n jes7iv( nx) 
s = 


= O(x'ylogt) (N < 4y), 


y+vysn<Nn aie 
for, by partial summation, the above sum is then 
O(a-°y—* log t) = O(a?-°t-" log t). 
Che difficulty is that, for 2 = y, the sum obtained by replacing every 
term of S by its modulus is only O(log*?). 
Let v= 5 d(n)et*ivina) 


kvy 


s=1 yt+kvysn<yt+(k+1)vy 
where K = [(N—y)y-?|—1. Then 
- 


Ss _§" : > > d(n) , d(n) 


F + r 
By’ | oy (K +N vy 
k=1 yt+kvysn<y+(k+ vy ” y+(K +1)Vvysn<y+(K + 2)vy 
kK 
1 


= O(vy log y) , O(ny logy) 
: : = O(| ‘ 
ay” Kvy (log y) 


k 


Cy 3 d(n)ettivra), 
utkvy<n<y+(k4 “ag 


as 


Cy, = Cy +Cot...+cy. 


c 
S’ — ak — 
NY ¢ ; -3( ment 


d( n)etmin(nx) — eiziv(uve) 
y+vyspy<y+(k+ vy 
9 > > eftiv(uvr) O( vy). 
BY 
The v-sum is of the form > e?7, where 
fv) = (wre), fv) = — Mur) 


Since y/u < v < 4y/p, we have 


YtNysn<ytlk+ ivy 


prety! < [f")| < ytaly 
> eer) — = He) +0| “) 
» Y pox 
= O(katy-*)+ O(uta-ty!). 
Since » varies at most from 1 to 2vy, it follows that 
Cy, = O(kzty!) + O(a-ty? log y)+O(vy), 
* See E. C. Titchmarsh, Quart. J. of Math. (Oxford), 2 (1931), 161-73, 


Theorem 1. 
3695.9 


Hence* 
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and the last term can be omitted in comparison with the first. Hence 


K-1 K-1 
S’ = Ofzty 2 cai) + ( ty log y > wecn)t 
k=1 k=1 
+ O(xty-t)+ O(a-ty' log y) = O(aty- log t), 
the required result. 


5. We have still to discuss the part of (3.3) with n < y, but this 
is mainly a repetition of the above argument. We have 


*2 
cos(v—1a 
wl S ") de 
: posts 
4a (nz) 
_ 00s {42r,/(nx)—42} % sin{4z,/(nx)— 47} r 
(2s—4){4a,/(na)}**-+ (28s—4 ar aNtaat (nat) 
4m (nz) : 
3 ] cos(v— 47r 
+T(4—2s)cos ms + e- = lie 
Qs—H@e-7) J om 
0 


for o < }. The first integrated term contributes 


l 1 or ; 
lS d(n) | = O(x'-°y' log y) = O(a-°t log t), 
| nt 7 (nx)?-4 ’ 
and similarly for the second integrated term. The I-function term 
contributes 
: d(n) d(n) 
248—47728—23 (4 — 2s)cos 7s > fy2(: = 
: ni-s ue **)} ni-s 
nSY nsy 


and the O-term is O(t-*’y’ logy) = O(a-*logt). We write the re- 


maining sum as 
toa eae 


n<iy  tysn<y-vy oy —Nysnsy 
and apply the appropriate parts of the Hardy-Littlewood Lemma f, 
which extend easily enough to the required o-range. 
Finally, the term involving v—!sin(v— 47) in the asymptotic expan- 
sion can be dealt with in the same way; but the extra v-! makes 
most of the analysis comparatively trivial. 














A CONVERGENCE CRITERION FOR 
FOURIER SERIES 


By L. C. YOUNG (Cambridge) 
[Received 14 December 1937] 


1. THE object of this note is to generalize a criterion, due to W. H. 
Young (5), and which is stated by Hardy and Littlewood (1) to be 
‘one of the most interesting of the more modern criteria’ for the 
convergence of a Fourier series. 

It is remarked by Hardy and Littlewood that W. H. Young’s 
criterion may be given the following form: In order that the Fourier 
series of an integrable function f(t) converge to s at t = x, it is sufficient 
that the function 

H(t) = Hf(e+t)+fa—t)—2s} 
fulfil for small t the conditions 
d(t) = o0(1) and V(¢;[t, 2t]) = O(1), (1.1) 
where V(b;|«, B]) denotes the total variation of 4 in any interval |, B}. 

The generalized criterion that I propose to establish here consists 
simply in replacing in the above statement the total variation by its 
pth power and by its exponential generalizations.t In the pth power 
case I shall prove a slightly more complete statement, Theorem 1 
below, containing also certain refinements on Hardy and Little- 
wood (1). 


2. Direct proof of the pth-power generalization 
In the sequel we shall write f(t) in place of ¢(t). This amounts 
to supposing f even, 2 = 0, and s = 0, and is clearly no loss of 

generality. We shall show that (1.1) may be replaced by 
ft) =0(1) and YV,(f;{[t, 2t]) = O(), (2.1) 


where V?(f;[a,B]) denotes, as in Young (3), the upper bound of 


the sum y Af |? 
! I 


for all systems of non-overlapping sub-intervals A of [«, f]. 
We observe at once that we may suppose, by increasing the 
exponent p a little, that f fulfils the more stringent condition 
“|f)|+% (Fst, 24) = 0 (2) 
+ Wiener (2), L. C. Young (3), (4). 
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for small ¢. This is an immediate consequence of the elementary 
inequality (8.2a) of (3), 259. We may suppose further that p > 1. 
We have now only to prove that (2.2) implies the convergence to 
zero of the Fourier series of f at x = 0. By the ‘localization principle’ 

it is enough to show that the inequality 
S(t) +¥,(f; [t, 2t]) <e forallt of [0, |, (2.3) 
implies |s,,| < Ke, where s, denotes the sum to 2n-+-1 terms of the 
Fourier series of f at 2 = 0, and K is a constant independent of e and n. 


For this purpose, let us choose g > 1 so that 


Bae > 1 (2.4) 
P 
We write as usual . 
De < 
‘, = = | 0 dg,(t) (2.5) 
a 
0 
t 
aie. ae 
where g,(t) = | — 2) dt. (2.6) 
3 sin 5t 


0 
We observe, as in (3) § 12, 274, that, since g > 1, there exists a 
constant K such that 


Vi(9n3[«,B]) < K4 3 (m-+1)-4 


no —1<m- np/7+1 
for any sub-interval |[a, 8] of [0,7]. In particular, if 2”+! < n, 
y - [Ov v4 me rf —q\li/q < ” )—v(1—1¢ 9° 
ViGn3|2"2/n, 2”+42/n]) < Ki 2 (m +1) aja 1< K2-0-, (2.7) 
Thus, by the main inequality (10.9) of (3), 266, the absolute value 


of the integral 


2’+1m/n 


.= [ fag, 


2’ir/n 
has, in view of (2.3) and (2.7), the majorant 
| Jt 
1+¢( -+-))eK2-"0-1) — K’e2-v-1/0), 
.- = 
Consequently, by (2.5)—on whose right-hand side the ranges [0, z/n] 
and | $7, 7] are trivial—we have 


a\8,,| ; 2 I,|+triv. < K’e } 2-0-1 + triv. < K"e. 
2’sn v 


This completes the proof. 
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3. The pth-power generalization of the Hardy-Littlewood 

refinements 

For the reader acquainted with the details of Hardy and Little- 
wood (1), I give now a slightly more complete statement of the 
pth-power generalization of W. H. Young’s convergence criterion. 
Given p > 1, we say that f satisfies Y,,, if, for all small ¢, 

d(t) = O(1) and V,(¢;[#, 2¢]) = O(1). (3.1) 

Moreover, if (3.1) holds for all ¢ in [0,7], we say that f satisfies Y*, 
a condition which is only trivially more stringent than Y,. 


THEOREM 1. If d(t) satisfies Y,,, then the Fourier series is convergent 
whenever it is summable by any Cesdro mean. The necessary and 
sufficient condition for convergence (to sum 8) is 


t 
d(u) du = o(t). (3.2) 
0 
If further (t) satisfies Y*, then the series is summable {C, —(1/p)+8} 
for every positive 5 whenever it is summable by any Cesdro mean. 
In order to prove Theorem 1, it is sufficient, by the argument of 


the last six lines of Hardy and Littlewood (1) § 3, 303, to prove 


If d(t) satisfies Y* 


p? 


for every positive 6. (3.3) 


then the series is bounded {C, —(1/p)+-8} 


We may suppose again ¢(t) = f(t). Writing 


t 
gx(t) = | Qy(t) dt, 
0 
the function Q,(¢) being defined by the equation (2.4) of Hardy and 


Littlewood (1) § 3, 303, the Cesaro means of order y < 0 of the 
Fourier series of f may be written 


] 
7 
d 
7/n 


sy f dg% +triv. = : e I,+triv. 
avti<n 
art lain 
where i= | f dg%. 
2’r/n 
Now, for sufficiently small 6, we choose 
y= —(l/p)+8 and g =1/(1+y—}38) 


| 


] 
and observe that —+-=1+4+}8>1. 
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Since g >1, we see, as in (3) § 12, 274, where gy is defined in 
a manner only trivially different from the present definition, that 
there exists a constant AK such that 


V4(gz%;[a,B]) < K4 


na/7—1 


for any sub-interval [«, 8] of [0,7]. Consequently, 


- : . " ™ l/q¢ 
; | 2”sr/n, 2 17/n]|) kK! > (m+ 1)-@ | 


2am 
K2-7+1-lav — K2-dvl2, (3.4) 
In view of Y*, it therefore follows from the main inequality of (3), 
(10.9), 266, that 
K'2-0vl2. 


so that s¥| < K+ kK’ > 2-0/8 Kk” 
V 


n 


This proves (3.3) for sufficiently small 5, and so for all positive 6, 


and thus completes the proof of Theorem 1. 


4. Exponential forms of the criterion 
We shall now show that (2.1) may be replaced by 
f(t) o(1) and JVo(f:[t, 2¢]) O(1), 
where }y(/;[«, 8]) denotes the upper bound of the sum 
> HD Af |) 


for all systems of non-overlapping sub-intervals A of |«, 8], provided 
that we choose for small u 


M(u) exp(—u) where O<e 1. 


The proof follows closely that of § 2 above, except that we use, in 
place of the results of (3), their generalizations in (4). 
In the first place, for sufficiently small wu), the inequalities 


u < Up, imply 


exp(—u- +), <= exp(—u"'—u™) exp(—up“)exp(—wu~?), 
and from this it follows that by increasing ¢ a little we may suppose 
O replaced by o in the second part of (4.1). 

By the ‘localization principle’ it is therefore enough to show that 
the inequalities 


f(t) and Vo(f:[t,2t]) < € for all t of (0, z) (4.2) 
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; Lad 
imply |s,,| < e”, where e 


” 


denotes a function of ¢« and e’ independent 
of nm which tends to zero as « and «’ tend to zero simultaneously. 
For this purpose we write c = 3{1/(1+-28)}, where 8 > 0. Denoting 
by ¢* the inverse function} of ®, we have for small x 
b*(u) = Oflog(1/u)}-24+2) 
b*(e’/n) O(log n+ |log €’|)-24+28) 
K |log e’ |-®(log n)-2-38 


, Say. (4.3) 


and therefore 


e, (log n)-2-8 


Let us now, as in (4), §7, choose for (uw) the function 
u/\log u|t*2> when w is small and positive, and let (uw) be the inverse 
function, which is of order u|log u|1+*°, For small B, we then have 

h( B/n) < Kb B)(log n)! +25 ny, 


provided that n > 1; and hence, by (4.3), we obtain 


> b*(e'/n)b( B/n) < €, o( B)| K+ kK’ ¥ 1/[n(log n)4 3} 
n>1 


an 


< K"e, p(B). (4.4) 
From the inequality of Theorem (5.1) (i) of (4), § 5, it follows that 
| 2t | 
| £49) < \FO} \gn(2)—g,(t)| + Key o(B), (4.5) 
| ] ! 
where B = Vo(g,,; [4 2¢]). 


provided that this number is sufficiently small. Moreover, since, by 
definition of Ky, we then have 
J, (2t)—g,,(t)| < ¥(B), 


we may write (4.5) in the form 


2t 
| f dg,,| < K'(e+e,)b(B). (4.6) 
ly 
Now when ¢ = 2’z/n, we have, by the argument of (4), § 7 (which 


generalizes the corresponding argument of (3) used above in § 2, 3 at 
this stage), 


B<K SY W(K'/(m+1))<K" YY  1/m(logm)'* 


, y © « 1 
2<ms<2 2v<m<2? 


K (log 2”)-8+28) < K’y-0+2), 


y~1+®) for all large relevant v. 


” 


and therefore certainly #(B) << K 


+ Not to be confused with the function f(t) of the preceding paragraphs. 
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In view of (4.5), the absolute value of the integral 


2” +1n/n 


[, = f dq, 


v 


Tin 


QV. 
thus has the majorant K(e+¢,)v—“*® for all relevant v > 
dent of n. Hence, finally, 
< > |J,|+triv. 
V2Ve 


2 K(e+e,) z V (i \4triv. 


vp 


> Vp indepen- 


” 


€; 


and this completes the proof. 
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ON FOURIER SERIES SATISFYING MIXED 
CONDITIONS 
By E. H. LINFOOT (Bristol) and W. M. SHEPHERD (Bristol) 
[Received 3 December 1937] 


x we 
1. THE series } A, cosn6, > A, sinn@, where 
n=0 n=1 


av ya Ae )(2k+ 1) 
2v+ 2k+2 
evar AJy)(2k+ 1) 
2Qv—2k—1 
kav LA][v]2k 
Qv—2k+-1 
coolklv}2k 


2v+ 2k 


' 
—s] 


(m = 2k+1; m = 2v+1) 
(—1) (m = 2k+1; n 2v) 
(—1) 


= 2k; n = 2v+1) 


(—1) 


= 2k; n = 2y) 





(1) 


- on, — 
1.3... (28-1) were shown by W. M. Shepherd* to 


and [n] denotes 
i 2.4... 2n 


have the property 


) A,,cosn@ = cosmé (|0| < dn) | 


n=0 


x 
> A, sinnd = —sinmé (}7 < |6| < zm) | 
n=1 


The main object of the present note is to discuss to what extent this 
solution of the equations 


x 
¥ «, cosn@ = cosmé = (|0 47) | 
n=0 (3) 
x 

> a, sinné = —sinmé (}7 < |0| <7) | 
n=1 
is unique. Strict uniqueness is not to be expected, since formal 
differentiation of (2) leads to the result 

x 

> nA, cosn6 = —mcosmé ($7 < |8| <=) | 


n=1 


x 
¥ nA, sinné = msinmé (\0| < 47) | 
n=] 


* Proc. London Math. Soc. (2) 43 (1937), 366-75. 
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from which, on replacing 0 by 7—8@, we obtain the formal second 
solution 
x 

> b,,cosn@ = cos mé (\0 

n=1 ~ 
(5) 

- n 

> 6b, sinn@ = —sinmé (; 
n=1 


where b, = (—1)"**"*! 

We shall prove that (5) actually is a second solution and that the 
most general solution of (3) by a pair of conjugate Fourier series is 
a linear combination of the two solutions (2) and (5). More precisely, 
we prove 


THEOREM 1. For every given ap, there is just one pair of conjugate 


x oO 
Fourier series > x, cosn0, } «,sinn@ satisfying (3), namely that 
0 1 


n n= 


given by om | = . 

$4yt(1 +), (n > 1). (6) 

In the course of the analysis we obtain, by an elementary applica- 

tion of complex-function theory, a second proof of the equations (2) 

in a more complete form, namely one which gives the sums of the 
series over the whole range (—7z,7). The final result is 


THEOREM 2. Let r’ denote the greatest integer not exceeding ir. Then 
cosmO (|8| < 4m), (7) 


y a . F _ (m+1)’-1 : 
2 A, cosnd cos mO—2,/|2cos6,|  S (—1)'[r]sin(2r—m+4)é 


r=0 


(40 < |8| <7); (8) 
. ; (m+1)’-1 : 
(- sinm0—2,/(2cos#) > (—1)'[r]sin(2r—m-+4)é 
> A,, sin n6 ay. 
1 


n 


| —sinm@ (47 < |0| <7). 


2. Proof of Theorem 2 
Lemma 1. Fork >0 


k m — 2k To (—1)* +1 
2 (—}) [m]a i? k dx (kL 2)k1) 
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Proof. By moving the path of integration round on to the y-axis 
in the complex plane, we easily obtain 


Ss es [m] kj [m] 
4. = (1) >, 2+ 2m42~ — py am-+1 


n= 


1 
(2k+-2)[k+1] 


by equations (18), (20), loc. cit. supra. 


= (-1)#1 


LemMA 2. Fork > 0 


1 
rk du 
. k — 7 7) 
V(u+e-*) 
) 


ion (ar { _ 9p-(2k +1)i0_1 Pp—-(2k +910 (9 . —1)Trle2iré 
= FeL12k42)| 2e +2¢ v(2.0086) > ( 1)"[rJe* , 
where ./(u-+-e-*"*) denotes the branch which is e-® when u = 0. 
Proof. 
1 
: | du os Pa —2i0)}1 _. 92-310 (9 i) Ie-i8. 
i) = ( p, = [2y(u+e-*)], = 2e-*”,/(2 cos 0)—2e- ; 


(u+e-*#) 


(ii) fork >1 


1 
ae [ ukdu 
(J (ute?) 


= [2u* (we) man fa (u+e-2)yk-1 du 
0 

2,/(1-+-e-*) — 2k J,,—2he 8 J,,_,, 

Qe-¥8, (2 cos 0) 2k 


a 2k+1 


e-2i8J bai 


The lemma now follows by (i) and successive applications of (ii). 
Summation of the series (2). We give the argument only in the case 
where m = 2k+-1 is odd; the proof for even m is substantially the 
same. 
Consider the function 


x 


> 4,2" = > (-) pret 5 


n=0 
ed 9} 9 
af as yr k+1 [ry[k+ 1] 2k+-2 g-2r-l 


r=0 


2k+-2r+-2 
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- (— 1)* t 1k = \(2k+ ayes > ( - 1) [7] g—(r—2k—-1) 
=O 


2r—2k—1 


1 
4 z2k+1 > S Yo a = tir ee 
r=0 fi e = 


¥ (—1y [rer ag + 


7 


(—1)*[k- 1}(2k-+2){2-#- [ 
0 


peta fe S (ay treet dt + 


| y2k +1 [ . (— 1)" r]{-*-s-3 az| 


¢ r=0 
ox 


Lyte [oe a 4 


rarest [ (147) tems atl (11) 


Here the paths of integration are all parts of radii through the 
origin; the branch of {1+ -(1/€?)!-! is that which tends to +1 at oo. 
In the last integral we make the transformation ¢ 1/w; it then 


becomes 


] } 
a [ ( + = “wr dw 
w" 


. 


0 
(the branch of {1-+-(1/w*)}-! being that which is asymptotic to +w 


at the origin). We now have 


(—1)* [k++ 1](2h+-2)2-2k1 > 


| 0 =i A 2 x 1)"[rJé as C%* dt + 
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where {1+-(1/?)}-* denotes the branch which tends to +1 at 0, 
{1-+-(1/w?)}-? the branch which is asymptotic to +w at 0. 

Now suppose z = e”, |@| < 4. Then 1/z = Z and the last term 
is a pure imaginary, since, along the radius through Z, the branch of 
{1+(1/f?)!-! which is +1 at 00 is asymptotic to +{ at 0. Also the 
first term on the right of (12) is equal to 


1 
» 


—z-2k-1(_ 1)#[k+-1](2k+ 2) | \(! + =) Bia 
\ a2 


k 
a D3 (— 1 "tm Jar—20| a 2h dx = g—-2k-l 
m=0 J 


by Lemma 1. Thus for z = e®, \@| < 4n, 


3 Aye = 24 (— IA Tab 2 


n 
n=0 
__ »2k+1 l + al 


0 
In the first integral put € = wiz = ule (0 <u! <1); in the 
second put w = utZ = ute, Then 


-_ - 
: k du 
y—-n — »—-2k-1 7(/__ AT 5Y A iY u 
zy An? sii 7% » we nyak+ 29 | jaa) 


Equating real and imaginary parts and using Lemma 2, we obtain 
equations (7) and (9) of Theorem 2. 

If on the other hand z = e”, 4a < |@| <7, then the last term 
of (12) is purely real, since now the branch of {1+-(1/f)}-* which is 
|-1 at co is asymptotic to —{ at 0, while the first term is now equal 
to —z-**-1_ We therefore obtain 


x 


1 
ak du 
en — g-2k-1 | k+1f}- 9k+-2)8 (a “ 
34,2 +(-1) pe iyee+2yn( fe a 


and on equating real and imaginary parts this yields (8), (10) of 
Theorem 2. 


3. Proof of Theorem 1 

(i) The series given by (6) actually have the required properties. 
To prove this it is enough to show that the series (5) are Fourier 
series and that the equations (5) hold in the sense of ordinary con- 
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vergence. Now by Theorem. 2 the sums of the series (2) are absolutely 
continuous functions over (—z,7). It follows that their Fourier 
series, namely the series (2), give on term-by-term differentiation 
the Fourier series of the derived functions. These derivatives are, 
by Theorem 2, themselves differentiable except at the points +47 
Hence their Fourier series converge, except at these points, to the 
derived functions as sums. This establishes the equations (4), and 
herice also (5), in the sense of ordinary convergence. 

(ii) To prove the uniqueness, we make use of the following theorem, 
which is an easy deduction from results of Volterra* and Fatou.t+ 


THEOREM A. Suppose that g(u) is continuous and bounded in the 
range —x <p <a, and let 
gle) (\H| <a), (13) 
H(u) 1 f 108 A—cos 
—_—— [ 9 (oon — ')jcosec 4(A—p)| da 


2a COS ~— COS pL 


“a ; (ja| < |u| <7). (14) 


Then H() is alia over (—7, 7) and possesses a conjugate function 


cos A— cos a 
“= — all osec 4(A—p) d 
H (yn) = 2 9(A) [ aay, /(conr—ens ‘Jeo eof— per (Ip! 


0 (a < || <7). 


Further, [ H (pu) du = 0, [ H(u) du = 
Finally, there is is only one function H() satisfying (13), (16 
and this satisfies also (14), (15), (18). 
It is readily verified that the function ho(u), defined by 
0 (lz| <a), 
k{p) = lawn J 
olf |SIN 4 farts) ee 
74/{2(cos a— cos p.)} 


possesses a conjugate function 
a —sin $y 
COS “— COS «)} 
iin): P [ A (A)cot is hale — | ORO 
2r =, x (ul <a 


: 0 (a < |p| <2), 


* V. Volterra, Annali di Mat. (2) 11 (1882), 1-55. 
+ P. Fatou, Acta Math. 30 (1906), 335-400. 
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and that [ holu)du =1, | hou) du = 0. (23), (24) 
It follows from Theorem A that two different functions cannot both 
satisfy (19), (22), (23); hence ho() as defined by (19), (20) is the only 
solution of these equations. This gives 
THEOREM B. If in Theorem A condition (17) is replaced by 


7 


[ H(u) dp =e, (17') 


7 
then for any given value of c there is just one function satisfying con- 
ditions (13), (16), (17’), namely that obtained by adding chy(y) to the 
unique solution of (13), (16), (17). The new solution still satisfies (18). 
To apply Theorem B, we observe that it follows from equations 
(3) that the function 


H,() ~ cos mp+ > a, cosn (—7 <p<7) 


m=0 
satisfies the hypotheses of Theorem B with 


a = dr, C = 21%, g(u) = 2cosmu. 


Hence, given a», H,() is unique, and so therefore is its Fourier series. 


Thus Theorem 1 is established. 








A NOTE ON GEGENBAUER POLYNOMIALS 
By G. N. WATSON (Birmingham) 
[Received 28 January 1938] 
THERE is a well-known formula, due to Christoffel,* which expresses 
‘in finite terms’ the second solution @,,(z) of Legendre’s equation for 


functions of integral order n; the formula in question is 


fin—#] 9 aie 
= “ P,-2m-1(2); (1) 


Qu(z) = 4P,(e)log=t > | 
z—1 (n—m)(2m-+ 1) 
m=0 
where [x] denotes the greatest integer contained in x. Other expres- 
sions for the sum on the right have been obtained by Schlafli,7 
Hermite,{ and Hobson.§ 

In this note I obtain a straightforward generalization of (1) for 
the second solution of the differential equation satisfied by Gegen- 
bauer’s polynomial C?(z). From my result I deduce an interesting 
formula involving a generalized hypergeometric function of type 
¢/; and argument unity. I have not been successful in obtaining a 
result of the same simple character for the more general polynomials 
of Jacobi; it seems essential to my analysis that it should have to 
deal with hypergeometric functions which are susceptible to a 
quadratic transformation. 

It will be remembered that the Gegenbauer polynomials are defined 


by the expansion 


l = 
= h” CY (z); 
(1—2hz+h?)” b2 aa 


n=0 


it is well known that C¥(z) is a solution of the differential equation 
. ad da 
(22-1) [4 4 (2v4+-1)z 4 — n(2v+-n)y = 0, 
dz* dz 
and that it is expressible in the forms 
T'(2v-+-n) 
n!T(2v) 
2°T(v+n)z” 5, 
niT(v) 7? 
E. B. Christoffel, Journal fiir Math. 55 (1858), 61-82. 
+ L.Schlafli, Veber die zwei Heine’schen Kugelfunktionen ... (Bern, 1881), 61. 
t C. Hermite, Jornal de Ciencias mat. 6 (1885), 81—4. 
2. W. Hobson, Spherical and Ellipsoidal Harmonics (Cambridge, 1931), 54. 


§ 


CY (z) = 


# of, (—n, 2v+-n; 


CY(z) = (—4n, }—4n; 1—v—n; z-). 
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The reader should have no difficulty in verifying the following 
recurrence formulae (with n > 1): 
(n-1)C%, ,4(z)—2(n-+-v)z0% (2) +(n+2v—1)0%_4(z) = 0, 
_dC%(z) _ dx_,(2) 
dz dz 
dO% (2) dC%_,(2) _ 
dz dz 
when n = 0, (5) is to be replaced by 
C%(z)—2Qvz0%(z) = 0; (5a) 
and, in like manner, the other recurrence formulae are made valid 
for n = 0 merely by the suppression of functions of negative degree. 
Now it is easy to prove that, for |z| sufficiently large and 2v not 
zero or a negative integer, the two functions 


z-—n Fi (v+ dn, v-+4n+4; v+n+1; 2-*), 


= nC*(z), 


2(n+-v)C%(z); 


9 
(2-1) hi (2e+a, v+n+4; 2v+2n+1; ; = ) 
—z 


are both solutions of (2); and, by a comparison of their behaviour 
with that of C¥(z) when |z| is large, we see that the two functions are 
different from C%(z) and that they are identically equal throughout 
the z-plane cut along the real axis from z = —o toz=-+1. We 
shall adopt as the standard second solution of (2) the function 
D(z) defined by the formulae* 

[(v) TP (2v+-n)z-2”-" 

2"+1P(v-+n--1) 

I'(v)T(2v-+-n)(z—1)-2”-" 


~ : x 
2"+41P(v+n-+1) 


z) = oF, (v+4n, v+4n+4; v-+n+1; 2-*) 


x 2F,(2+n, v+n+4; 2v+2n+1; ; _ 


in particular, it is easy to prove that, when R(v) > 0, 


a a 


dt 


rd 
Dy(z) = rey) | eR = Te) | agen: 


It is easily verified that D»(z) satisfies the same recurrence formulae 
* This is the definition adopted by L. Gegenbauer, Sitz. der K. Akad. der 
Wiss. zu Wien, 75 (1877), 891-905. The definition presupposes that 2v—1 is 


not a negative integer. 
3695.9 K 
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as OY 
when n = 0, the formula which corresponds to (5a) is 


T'(2v) 
(z2—1)"-4 


(z) for general values of n; in particular, it satisfies (5), but, 


D(z) —2vzD5(z) + = 0. (5b) 


Now it is an immediate consequence of (5) that the functions 


! ‘ Ov 2 ! vy) DY Zz 
m!D(v) m(2Z) ana =e rey m(2) 
Qm]T (v+ m) Qm] (v-+ m) 


are solutions of the difference equation 


~ | . — 2 % 
Unit —2ZUm +B Um = 9 (m = 1,2, 3....), 


ilies , m(m-+-2v—1) 
sre a, = : 
” 4(v-+-m)(v-+m—1) 


for m = 0 we have the two special equations 
U;—2Uy = 0,7 (9a) 


['(2v) 


2v(z2—1)4 


U,;—ZUy+ (9b) 
satisfied by the appropriate values of u, and uw, in the respective 
cases. 

Let us now write down equation (9) for m = 1, 2, 3,..., n—1 with 
the function of the second kind inserted, and from these equations 
combined with (9b) let us eliminate D¥(z), D3(z),..., D¥_,(z). The 
result of the elimination is 

Tt ae 
miP(v)Du(z) _ 
2"T(v+n) sg 


where 


0 0 0 . E - &2 Aa 
0 0 0 0 5 aes sf 


and A/(z) is the determinant obtained by suppressing the last row 
and the last column of the determinant A,,(z); for the result to hold 
when n = 1, we adopt the convention that A;(z) = 1. 
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In precisely the same manner from (9) and (9a) it follows that 


ml D(v)C)(2) 
ue I'(v-+n) — =: A, (z)Ch (z) = = A, (2), 


and hence we have 
Dr(z) _ Cn{2z)Do(z)___ 2" *P(v+-n)A,(2) 
T(2v) ss (2) n!T(v+1)(22—1)-4 
This result can evidently be written in the form 


Drlz) _ Os(2)Dyl2)_ Wya(2) oils 
T(2v) ss (2v) (z2@—1)r-*’ 
where W,_,(z) is obviously a polynomial in z of degree n —1; it 
contains only odd powers or only even powers of z according as n 
is even or odd; and W_,(z) = 0. The result holds when 2y is not a 
negative integer. 
We now have to face the task of expressing W,_,(z) in some form 
simpler than the determinant by which it has been defined; it is 
evidently permissible to assume an expansion of the form 


W,.- (2 ="5" , » Ce 2m— (2 ), (11) 


m=0 
where the coefficients A,, are constants as yet undetermined. To 
determine their values, we observe that, as a consequence of (10), 





re xo oy ) W, (2) 
\ Naat (w+iee n(2v-+-n) j@—1yp4 
d? d C» (z) Dy, 
= [Dt Ort eZ —n(2r+m)) 
__ 2(z2—1) dC%(z) aDe0) m 2 dC? (z) 
T(2v) = dz dz —s (z#@—1)"-#* dz’ 


and hence that 


" d 9 ACh 
(#1) 5-23 (nt tm), 1(2) = 1. 


When we substitute the series (11) for W,_,(z) and use the differ- 
ential equation satisfied by C¥,_,,,-,(z), we see at once that 


dcy, dC’, (z) 
Qv— 1)z n—2m—-1 = 
ze Z => An e dz 


m=0 


—(2(m+1o-+-n—m)—(0+1)} 03 am-a(2)- 
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7 


Now, from the recurrence formulae (6) and (7), it is clear that 


94 Zz 
(2v— 1)z4 - 7 i )_$9(m+1)(v--n m) —(n+1)}C” 2m—1(2) 
2m 2(2) 
dz 
7 (2y—1)2On em-2(2) | (n—m)(v +m) (dC%,_on(Z) FC%,_om—s(2)) 
a4 dz ~ pt+n—2m—1\ dz dz | 


+ 2(n—m)(v+-m)C _.,-3(2) 


m) dC’ _.,,(z) (m- v)(2v-+n—m—1) dCY _4n-9(2) 


(n—m)(v- f 
dz -+n—2Qmn—1 dz 


> 


vt+tn—2m— 1 


and so 
dcv(z) © ”) {((n—m)(v+-m) dC%,_»,,(2) 
. ™\ytn—2m—1 dz 
(m+ 1—v)(2v-+-n—m—1) dC, _om_2(2)) 
v+n—2m—1 dz i 


It is, however, obvious that necessary and sufficient conditions for 


> § in—} ty 
the sum m= (2) 
Hm dz 
m=0 
to be identically zero are that all the coefficients u,, should vanish. 


Hence we have 


(n—m)(v-+-m) ; v)(2v-+-n—m) 


v+n—2m—1 +-nm—2m--1 
in—43]. We thus get, for 


m Q, 


an ee 1 9— 1 
A, ' int - 1)!] “I V Hed bn m) 
nm! TD (v+-m+1)P(1—v)P(2v-+-n—m) 


If, for brevity, we now write 
x(a-+1)(a-+-2)...(a- 1) fx)... 
and adopt the convention that empty products are to be interpreted 
to mean unity, we have 


r 


(1—v),,(2v-+-n—m),, 


= (v+n—2m—1) 
(X—M) msa(¥) mia 


m 
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We have consequently obtained the required generalization of 


Christoffel’s formula in the form 
( y 
2 (1—v),,(2v-+-n—m P 
(v-+-n—2m—1) ; 7 Jn Cv _ ~am-1(2), (12) 
sa Pog ( cae 1M) mal Dan +1 
subject to the proviso that 2v—1 must not be a negative integer 


When R(v) > 0, we may rewrite (12) in the modified form 


we 


DY? (z © It 
in| —_ C(2) | eas 


[in — 4] 
(v-+-n—2m—1) 


y+ — 
(1—yv),,(2v-+-n—m),, Ay (2), (13) 
n—2m-1 ? 

0 (M—™) mia) m+ 
und this immediately reduces to Christoffel’s formula when v = }. 
We now obtain a limiting form of this result by making z > 1+-0 

| < 2, the analytic continuation of (8) 


For values of z such that |z—1 


4 oF, (2v-+n, —n; v+-4; 3 


2/aIT (+ 1) 
»$—v—n; 3 


with the additional restriction that v—} must not be an integer 


In particular, we have 
Dis) _, TORR —*) i Posi. 
92v 


T(2v) ss 2 (8) (v—}) ° 
If we now multiply through (12) by (z*—1)’-! and then make 
- 1+-0, we see that 
] ov 1 [in— 4] Oe ee 
—] cs sa) — (y+ n—2m—1) mi —— mm ¢ Ci- 2m— i(1), 


(n —™M) + i(v Mes +1 


~l 
and hence 
(1—v),,(2v+-n—m),,(2v—1) yam _ T(2v+-n) 
(N—M) nia(V)mig(m—2m—1)! — nm !T(2v) 

(14) 


in 


> vt+tn—2m—1) 
— 


m= 


* Cf. E. W. Barnes, Proc. London Math. Soc. (2), 6 (1908), 141-77. 
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When we adopt the notation of generalized hypergeometric func- 
tions, (14) assumes the form 
1, 4(3—v—n), 1—v, 1—2v—n, 4(1—n), 3(2—n); 
. hale 1—n, 1+, }(3—n—2v), ae 
v(2v-+n—1) n!vI'\(2v—1) 
~ (Qv—1Iv+n—1) (v+-n—1)T(2Qv+n—1)° 

Since both sides of (15) are rational functions of v, the restrictions 
on v may now be relaxed. For (15) to hold, it is adequate to suppose 
that 2v—2 is not a negative integer, n of course being a positive 
integer. 

It is easy to derive from (12) a result which is both more general 
and more complicated than (15). If we apply Euler’s transformation 
to the hypergeometric series in the expansion of D(z) in ascending 
powers of }— }z, we find that 


(221) 4Dx(2) 
1'(2v) 
__ P(Qv+n)T( 


a! P| 
3—Y) 14 1\v-4 = oe Q Lt. 
20(v+4)n! (3z—3) oF (v4 N-3,3—V—-N, VT, 


+5 + aF(n-+1, 1—2v—n; 3—v; $—}2). 
We now transform (12) by using this result as well as the special 
case of it obtained by putting n = 0. In the formula thus obtained, 
we segregate the parts containing non-integral powers of }—}z from 
the parts containing integral powers. This procedure yields the two 
formulae: 


T'\(2v-+-n) 


n! 


oF (v+n+4, $—v—n; v+3; $—3z) 
= P(2r) Fv+4,4—v3 x44; J—1e2)C%@), (16) 


1 
— of (n+1, 1—2v—n; 3—v; 3 
] : 3 
=> j 2fa(1, 1—2v; 3—v; 3 
aVv— 


lin— 1] 
gr 1—yv),,(2v-+-n—m 
— SF +n —2m—1) El FT Goyal) 


(n —m den (Ysa 


m=0 
Of these formulae, (16) is merely the consequence of applying 
Euler’s transformation to (3); on the other hand, (17) is a new result. 
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If (17) is rewritten with the replacement of the Gegenbauer poly- 
nomials by their values in terms of hypergeometric series given by 
formula (3) and with z then replaced by 1—2z, we get 
of (n+1, 1—2v—n; $—v; z) 

_ T(2v-+n) 

~ ntT(2v) of 


(1, 1—2v; $—v; z).F(—n, 2v+-n; v+4; z)— 


1 SY) (2v+-n—2m—1) 


= os 
P(—1) 2°" (n—2m—1yt* 


x oF(1+ 2m—n, 2v+-n—2m—1; v+-4;z), (18) 
(1—v),,(2v-+-n—m),, 

(N—M) mn +1(Y¥)m+1 

The result of expanding both sides of (18) in ascending powers 
of z and equating coefficients of z* is 

(n—1)! 
(n—s—1l)! 


)! 
1, 
ail 
$(l—v—n), 1—n, 1+v, }(3—n—s—2rv), }(2—n—s—2r) 
hh n! ikckass cle E 1, }—v—s, 1—2v, —8; 
~ (n—s)!(2v—1)(v-+-n—1)* ho I—$-8—8 POs od 
(n+-8)!vTP(2v—1) (2v-+-n—s) (¥+3)z. 
~ (v-+n—1)P(2v+n+s—1) — ‘ 
this result, which holds whenever v has not a value which makes it 
meaningless, is the above-mentioned generalization of (15). The 
expression on the left of (19), which arises from Gegenbauer poly- 
nomials of the type C?_,,,_;(z), must, of course, be interpreted as 
zero when s > n. 

When I had discovered (19), I decided that it was worth while 
to try to construct a direct proof of it by means of transformations 
of the kinds described in W. N. Bailey’s tract Generalized Hyper- 
geometric Series (Cambridge, 1935). We suppose that n and s are 
positive integers (zero included), and, to save trouble in dealing with 
exceptional cases, we suppose that 2v is not an integer; we can sub- 
sequently establish the result when 2v has any integral value which 
does not make the result meaningless by an obvious limiting process. 

When s > n, the expression on the left of (19) is, as stated above, 
to be interpreted as zero; the proof of (19) is then simple enough; for, 
when the ,¥/, on the right is written out in full as a series, the first 


where An = (v-+n—2m—1) 


4(3—v—n), 1—v, 1—2v—n, 3(1—n+8), 3(2— rol 


(19) 
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s—n terms of the first expression on the right vanish and the remain- 
ing terms reduce to 

n! v(2v-+n-+s—1) (—v—s),_,(1—: 

(2v—1)\(v-+n—1) (3—v),_,(1—2v 

1—2v+s—n, n; 

v+s—n, 1—2v—2n | 


The result to be proved is therefore that 


rl2-” 1, 1—2v-+s—n, n; 

o'| 3—vt+s—n, 1—2Qv—2n 
($—yv),_,(1—2v—n—8),_, (n+<s)![P(2v) (2v+n—s),(v+4), 

3 


~ (4—v—s),_,(1—2r),_,(—8),_-, 2! T(2v-+n+8) (3—»), 


2 


> 


and this is an immediate consequence of the formula of Saalschiitz 


[Bailey, 2.2 (2)].* 
With s <n, no such simple proof of (19) seems to exist. The 
obvious way to proceed is to transform the ,¥; on the left by a 
formula due to Whipple [Bailey, 4.4 (5)], namely 
1+-a, ¢, d, e, ¥, g; 

c, 1t+a—d, 1+a—e, 1+a—f, 1+ a 
P(1+a—e)l(1+a—f)l(1+a—g)l(1+a—e—f—g) | 
r(1+a)P(i+a—f—g)T(1+a—g—e)T(1+a—e—f) © 

wf l+a—c—d, e, : q; 
ot: al 
l+a—c, 1+a—d, e+f+g—a 
this formula being valid when the series on the right terminates 
and the series on the left is either a terminating series or a convergent 
series. In our problem we naturally take 
g = 1; e, f = 4(1—n-+8), 
so that no questions of convergence arise; we then make 
a> 1—v—n, c—>1—», d +> 1—2v—n, 
and thus, if we subsequently denote the expression on the left of 
(19) by W, we have now proved that W is equal to 
(n—1)!(2v+-n-+-8)(2v-+-n+8—1) 
(n—s—1)!(2v-+ 2n—2)(2v+ 28+ 1) * 
7 Ry” 4(1—n+8), $(2—n+8), 137 
oe i—e, 1+, nie | 
After reaching this point, I completed the proof of (19) in the 


* Parentheses in this form are references to Bailey’s tract. 
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special case s = 0 by a sequence of transformations; but the con- 
struction of the transformations necessary for the general case 
baffled me, and I consequently completed the proof by an entirely 
different method based on the theory of partial fractions. I found 
that partial fractions can be used to establish a large class of relations 
connecting functions of the type ,F,, but the general results are 
somewhat nebulous, and I have decided not to publish them unless 
I can put them into a more concrete form. I was not satisfied 
with this method of proving (19), and I consequently asked Dr. 
Bailey whether he could deal with the problem more successfully; 
he soon completed the proof, starting from the last expression 
obtained for W, in the following manner: 
In Whipple’s formula [ Bailey, 4.7 (1)] 
fd, 1—N—b-—c, —}3N, }(1-—N), 1—N—w; 
' le 1—N—c, }(1+d—w—N), 16 
(w)y ,|—N, b, ¢, d; 
= —— ole 4 te ; 
(w—d),, ay —b, 1—N—c, a 
in which N is a positive integer, replace b, c,d, w, N by s+1, }—v—n, 
1, 2—n+s—2v, n—s—1 respectively; we thus get W equal to 
(n—1)!(2v-+-n-+ 8)(2v-+-n-+s8—1)(—2r) 
(n—s—1)!(2v-+-2n—2)(2v+ 28+ 1)(1—n-+-s—2v) 
1l+s—n, s+1, }—v—n, 1; 
a $+s+y, Liha | 


Next, in the formula [Bailey, 7.2 (1)] 


,[x,y,2, —N; 
F « 
5 | U,v,W 


2 (v—z)\(w—z)y rl’ u—Yy, 2, —N; 
(Y)y(w)y 3! 1—v+2—N, 1—w+2-N, wu’ 


in which N is a positive integer and 
utovtw = a¢t+y+2—N+1, 
replace x, y, 2, u, v, w, N by s+1, 4—v—n, 1, 3+v+8, 1—n, 
2—n-+s—2v, n—s—1 respectively; we thus get W equal to 
n!(2v-+-n-+s)(2v-+n+s—1) 
(n—s—1)!(s+1)(2v+ 2n—2)(2v+ 28+ 1 
x abl EY QW+n+s+1, 1+s—n, “} 
s+2, 2v+1, 3+s+y 


oa 
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Now this ,¥,, when written out in full, becomes 
SEA) mn (20+ 2+8+1)n(1-+8—2)» 
(8+-2)m(2¥+ 1) m($+8+Y)m 
(s+1)!(2v—8),.4(3+¥) 541 
(v—s—3)5, oe M)s+1 


x 25 aii 3 )m+s+1( yt R)msesal— 2) m+e+1 
ree 1)!(2v ——Thes tet1(2+¥)m+e+1 


m=0 


x 














(s+ 1)}( (2v—s),44(3 + e+ ~~ (v—8—})m(2¥+2)n(—) mn 


(v—s— m!(2v—8)m($+V)m 


Hexa(2V+M)o41(—M)os1, 


Now the last >} can be written in the form 


n n 8 


m=s+1 m=0 m=0 
and so it is equal to the difference between the sum of the complete 
series i. oe 
pl’—s—® 2vt+n, —n; 
342 
1. ive, Liy 
and the sum of the first s+1 terms of this series. Since the series is 
Saalschiitzian, its sum is 
(v+- 4),(—” ue, 8)» 
(2v—s),,(3 ‘tis v—MN)», 
while the sum of the first s+-1 terms of the series (when their order 
is reversed) is expressible in the form 
(v—s—}),(2v+-n),(—n), PAbe t—v—s, 1—2, —8; 
s!(2v—s),(4+), “a v, 1—Qv—n—s, n+1—s8] 


We thus find that W is equal to 
n!(2v-+n-+s)(2v+n+s+1) 
(n—s—1)!(s+ NGy-E 2n—2)(2v-+- 28+ 1) 

/ (8 +1)'(2 4v—8)oi(3+¥ e+ (v+- 3 )n(—"—8)p 
X08 Poa Myral—Mour Q—8),(F——n), 
(s+1)(2)(d+v+8) pfl, 4-v—8, 1-2», —83]| 
(v—4)(2v-+-n+<8)(s—n) * *| 3—v, 1—2v—n—s, n+1—s])’ 
and this expression is easily reduced to the expression on the right 
in (19); this completes the direct proof of (19). 
It may be remarked that it does not seem possible to adapt either 


7 
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Dr. Bailey’s method or my own method so as to yield any formula 
of the same type as (19) but containing more parameters. 

In conclusion, I narrate the history of formula (14), so far as it 
concerns me. In September 1906 I became interested in Laplace’s 
equation with n independent variables, 


n 22 
} 2 
p=1 ? 


in addition to constructing its general solution,* on the lines of 
Whittaker’s solutions for the cases of three and four independent 
variables, I noticed that a special solution is 


V = r™Ci—2)(cos 8), 


where 72 = s x, rcos@ = 2,, 

p=1 
this solution reducing to a zonal harmonic when n = 3. Thereupon, 
on the strength of an undergraduate’s knowledge of Legendre func- 
tions, I composed a lengthy account of the properties of C¥,(z). 

I showed my work to Hobson in the following October term: he, 
after examining it carefully, told me that practically everything 
that I had done was already in print, so I put the work on one side. 
Formula (12), obtained by the methods of the present paper, was 
included in the results which I showed to Hobson, but formula (14), 
which I had obtained by a slightly more elaborate method than that 
given here, was not included because it seemed irrelevant to what 
were then my main objects, namely the investigation of Laplace’s 
equation and of C”,(z). I did, however, show the mere result (14) to 
Herman, and can well remember the characteristic phrase with which 
he greeted it. 

Many years later (probably about 1922), when I became seriously 
interested in Dougall’s theorem, I recollected the existence of 
formula (14); unfortunately, without making a proper examination 
of the question, I jumped to the conclusion that it was sure to be 
easily derivable from Dougall’s theorem. This conclusion naturally 
then made me decide against publishing it, since I was unwilling to 
get involved in any questions about priority, and I was not in a 
position to substantiate a claim that I had discovered (14) before 


* G. N. Watson, Messenger of Math. 36 (1907), 98-106. 
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8 March 1907, the date on which Dougall’s paper was read to the 
Edinburgh Mathematical Society. 

On looking into the question in July 1937, however, I realized 
at once that not only is (14) not a special case of Dougall’s theorem, 
but that it is not a simple matter to prove (14) directly by means of 
transformations of generalized hypergeometric, series. These con- 
siderations, combined with my discovery of (19), of course removed 
my reluctance to publish the contents of the first half of the present 


paper, since the lack of any close connexion between (14) and 


Dougall’s theorem disposes of any questions concerning priority. 











SOME INTEGRALS INVOLVING BESSEL 
FUNCTIONS 
By W. N. BAILEY (Manchester) 
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THE integrals 


[ [1—2h(zsin 8) Psin®6 a8, (1.1) 


0 
}7r 


a oT 
[ [1—Jy(esin oye tose oos ty COS a} do (1.2) 


0 
occurred in the problem of finding the power radiated by a current 
sheet aerial system.* I have found that the first of these integrals 
can be expressed in terms of the well-known integral 


which has been tabulated.+ 
[ first prove this result, and then consider some further integrals 
which are suggested by the argument. 
2. The integral (1.1) is evidently equal to 
2 é 
$—2h+4, 
where ie 
| Jo(zsin @)sin*# dé, 
0 
$7 
| Peto sean 
I, = | J3(zsin 6)sin*6 dé. 


0 


The value of J, can be obtained immediately from Sonine’s first finite 


integralt a 


ov+l r 
Jii+v+1(2) J, (zsin @)sin“+16 cos?”+10 d@, = (2.1) 


eT (v+1) J“ 


0 


where R(x) > —1, Rv) >—1. Taking p= 0, v= 4}, and 


* My attention was drawn to these integrals by Mr. A. Page to whom they 
had been communicated. 

+ G. N. Watson, Theory of Bessel Functions (Cambridge, 1922), 752. 
+ Ibid., § 12.11. 


+ 
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subtracting the results, we find that 


I, J/(S)ee )—J;(2)} 


(1—z?)sin 2}. 


Se ans > — 
y= COS 2 


To evaluate J,, we use the formula 


J,,(2z cos p) dd 


with v = 0, and we find by (2.1) that 


in 

| J?(z sin @)sin 6 cos?’+46 dé 
ia in 

| | J,(2z sin 6 cos ¢)sin 6 cos*’+16 dédd 


7. 


0 
2 


7 
0 0 
y+1(22 cos f) dd 


2¥+ 1T" v+1) AE: 
2 cos ig +1 


w~2r 


> 


1)"(3), 
)r 


l 2 (. 4) 
ve: 1) D (+2 


» 1 
“\V-- 
(v4 r=0 
cos ¢ and integrating term 


When v = —}3 we obtain 
r (1) dt - 
te | wena (2.3) 


1)2 


| J?(zsin 6)sin 0 d@ = =| 2. . 7 
0 


on expanding the integrand in powers of 


by term. 


0 
When v = 3} we obtain 

” (— ] )"22r 
‘!)?(2r+-1)(2r-+-3 


iv 

| J*(z sin @)sin 6 cos*@ dé = 
4 | ' 
1 


ad | l 
\2r+1 2r+3) 


“~ (—1)'z 


=f 
~ 4 > (r!); 


r=0 
| Jo(2t) dt + | #2J,(2t) dt. (2.4) 


~~ 


0 0 
* Watson, loc. cit., § 5.43. 
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From (2.3) and (2.4) we find* that 


$7 


. 


0 


J2(zsin @)sin?0 dd = — z | 1) dt + xa | Poo(2t) at 
0 


; 
Jo(22) +I (22) + Ceres | Jp(2t) dt. 


(2.5) 


82? 


Thus the integral J, is found in terms of 
2e 


{wen t) dt = 4 [ A(t) dt. 
0 


A similar method Pom that 


iar Z 
= , 
[ J2(zsin 6)sin” +19 cos-*9 dg = 1 (4—) [ J, (2t) dt, 
ava 
0 0 
where —} < v < }, and 
her 
J?(z sin )sin”’+@ cos-*"6 dé 
é ' 
P'(}—v) ef (A ‘ 
= — 3 (4+-v)z2 | #J,(2t) dt +(4—v) { t”+2J,(2t) dt|, (2.7) 
NT ; 4 
which reduce to (2.3) and (2.5) when v = 0. 
3. The results given in § 2 suggest a consideration of the integral 
47 
I= J?(z sin 6)sin®*+10 cos*# +10 dé, (3.1) 
0 
where v+«+1 > 0, » > —1. Two particular cases of this integral 
have already been evaluated in the form of Neumann seriest, the 
results being 


im ie) 

Z J?(z sin 6)sin 6 dO = > Jy, .0n41(22), (3.2) 
J 0 
0 


zsin @)sin®”+16 dé 


— 2n+ 1)Joy42n 41(22). 


T\(2v+1) > (n+ 4)0(2v+n+1) 
(2v 2 
(3.3) 


Af P'(v-+-1)}* n!T(2v-+-n-+- 3) 


* Using Watson, loc. cit., § 5.1 (4) with pp = 1,v = 0. 

+ For (3.2) see W. N. Bailey, Proc. London Math. Soc. (2), 30 (1930), 
415-21 (5.8), and for (3.3) see W. N. Bailey, ibid. 31 (1930), 200-8 (7.31). See 
also E. T. “‘Copeon, ibid. 33 (1932), 145-53. 
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The first of these formulae can be written in the form* 
dar 2z 
z | J2(zsin8)sin dé = 3 [ h(t) dt, (3.4) 
0 0 
and this reduces to (2.3) when v = 0. 
Now consider the integral (3.1). Replacing J2(zsin@) by a power 
seriest in zsin@ and integrating term by term, we find that 


7 y (—1)'T(2v+2r+-1)P+«+r4+1)P(u+1)($2)”*” 
24, rt P(Qv+r+1{Ti+r 


r=0 


oc 1 9e\T aad 
Butt ze 2 Baa we J s24(22), 


8. 
s=0 


+l)}PP(v+ne+p+r+2) 


and so 
<< yr +2r+1)Pvtnetrt+l1)P(u+1 
o®: N ( jth a PG pha Me he 
Z J 22 v+er yl] (2v it ee 1){I (v-+- ,-- 1)}* 


<a (2v+ 2r+ 28+ a) P(2v+ 2r-+s8-+ Ny (88). 
iy (vte«+p+r+2) aad i ak 
Putting s = n—r, and summing with respect to 7, we find that 
pea PWtDT~+e+)) 
2D} 1) PP O+ «+p +2) 
 (2v+2n+a)T(2r4 


! 


9 | 
sr T Ss, FT ri, sv-+n-+a 


> vtne+pt+2 


n=0 


The ,F;, is Saalschiitzian when « = +3, and it reduces to a 5f; 
(which can be summed)|| when « = 0 or x 
formulae 


v. We thus obtain the 


gh+8 [ J?(z sin 8)sin 6 cos*#+10 dé 
0 
: — Tut 3t+nlv+) > +n) Tp 
7 7 ne 3) oP hg n'T(2v4 i+n)I Put v+2 


X (u+2v+3+2n)J, 


* Watson, loc. cit., § 16.56 (9). + Ibid., § 5.41. t Ibid., 
See W. N. 
1935), § 2.2. 


>. 
§ 5. 
Bailey, Generalized Hyperge omiitlie Series (Cansbellige Tract, 
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2(z sin 8)sin?”+16 cos*#+1@ dé 


P(e +1)P'(v+3) P($+n)P(u+v+3+n)P(u+2 w+stn) 
> nm! TD (v+1+n)P(u+2v+2+n) 


X (Ut W+3+ 2), ,044+2n(22). (3.6) 


When » = —4, these formulae reduce to (3.2) and (3.3). 


In 


27 T(u+v+ 3) 


4. In §3 I have considered only the case when the square of a 
Bessel function appears in the integrand. It is natural to consider 
the integrals 

in 
| J,(z sin @)J,(z sin @)sin®**+1@ cos*#+16 dé, (4.1) 
0 
Ia 
[ J)(z sin @)J,(z cos @)sin**+16 cos*#*+16 dé. (4.2) 
0 
The method given in §3 can be used with only trivial modifications 
for (4.1). In this case the coefficients involve a series ;F, instead of 


a ,f,, this ,F, being 


+1), }A+v+2), (A+v)+«+1, a+A+v+n, ss 


A+1, v+1, A+v+], $(A+v)+«+p+2 
This is Saalschiitzian when « = »+ 3, and can be summed whenever 
it reduces to a ,F/,. In this way further results can be obtained, but 
those given in § 3 appear to be the most interesting. 

In the case of (4.2), the previous method fails to give a simple 
result owing to the more complicated expansion of the product of 
Bessel functions with different arguments. A result of a different 
type can, however, be obtained when A = v by using the formula* 


128 9A\v+2r 
J,(z cos 6)¥J,(zsin 8) 24 iy J, ,»,(2). (4.3) 


[t then follows that 
| J,(2 cos 0)J,(z sin @)sin®*+19 cos**+19 dé 
S Pee tet lol tet ltr) (ya yae, 


L, 2! Pv r+ 1) P+ ate +2427) 


0 


* W.N. Bailey, Proc. London Math. Soc. (2), 41 (1936), 2 
3695.9 ¥. 
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It will be noticed that this formula contains one more parameter 
than (3.5) and (3.6). A result more in keeping with those of §3 is 
obtained by using the formula* 





bed a a» a) = 
le) vJ oe (—1)"(u-4 2r)T(u+r)(u Vv), 
(e)-,2) = oa 
r!] (v-+r+ 1) 
r=0 
to transform (4.4), but the coefficients obtained are even more com- 
plicated than in the previous cases, and any formula in which the 
coefficients simplify would possess very little generality. 


[Added 9 March 1938.] An integral analogous to (4.2), but in- 
volving Bessel functions with different z, can be obtained from 
Sonine’s second finite integralt 

7 
Jy(z sin 6)J,(Z cos 0)sin’+10 cos”+16 dé 


0 


PD sysaly(Z?+2%)} 
(Z2+-22)8 A+ +) 


(4.5) 


We multiply (4.5) by 24Z” and operate on the result with 
d \™ d n 
zdz} \ZdZ) ” 


a \™ } . : 
( ) {-\.J\(z sin 6)} = sind z\-™J,_,,(z sin 6), 


2dz 


using the formulae 





1 n 
(saa) {Z"J,(Z cos #)} = cos" Z’-"J,_, (Z cos 6). 
Then, changing A, v into A+m, v-+-n, we obtain the formula 
ZZ [ J\(z sin 0) J,(Z cos 8)sin*+2"+19 cos’+2"+19 dé 
0 


aii a m d i " zea anager mJ v+m+n+ it v(Z?+2")} A (4.6) 
zdz) \ZdZ (Z?-+-22)KAtv mint) 


This shows, in particular, that the integral (4.2) can be evaluated 
in finite terms when «—4A, »—}y are positive integers or zero. 


* Watson, loc. cit., § 5.21. + Ibid. §12.13. 
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Again, using the expansion* of J,(z) as a series of the form 


y a, 2”-#4 "Js sm(2 ), we find that 


J}(z sin @)J,(Z cos 8)(z sin 0)**+1(Z cos 0)2#+1 

22 +2 +2D (e+ 1+ 4A) T(u+1+4y) x 
x (3A—x),(3v—p), . P 
S p2 ris!TMA+r+DPr (v+s+1) Jes thar(2 sin 6) x 


domed 
r=0 s=0 


vv "ne i 1+3A4r/1 Hits. 
XJ +iv+8(Z C08 6)(}2 sin 0)** ($Z cos 6)# 
and, integrating with respect to 6, and using (4.5), we obtain 


r J}(z sin @)J,(Z cos @)sin**+1 cos*#+16 dé 


Qe+e—-D—-W (e+ 144A 


(u-+1+ }y) x 


yr 
— (3A—x),(3v—p2), 
! 


“ > > 2r+sr! sIT(A- 


1 
) 0 TA Pr+l)P+s+l) 
r=¢ 8 


Fy td wth e+e saver sel Z*+2)} (4.7) 
(Z2 +22)! iK+4+1+4A+)v+49r+s) 7 


[t is again evident that, when «—4A, »—4y are positive integers 
or zero, this double series terminates and, in particular, the integral 
(4.2) is given in finite terms. 


* Thid. § 5.23 
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1. Introduction. The object of this paper is to show that Titch- 
marsh’s theory of Fourier transforms for functions of the class 
L»(0,0)* is a particular case of a theory which is true for certain 
of Watson’s ‘general transforms’.{ The theorems will be stated for 
generalized Hankel transforms, those for generalized Fourier trans- 

forms being obtained by putting A = }. 

We shall require the following theorem. The case A = } (x)(x) 
complex) has been proved by Kober,§ and the proof of the general 
theorem presents few additional difficulties. 

THEOREM |. Let x(x) satisfy the following conditions: 

la. X)(x)/x belongs to L?(0,0) and satisfies the equation 


wean (2)" ieee 
*xAtY)XAY®) gy, — ee (1.1) 
0 y* is oxy \4 x a + | 
; x =(¢) ihe 


for every x and z in (0,«), the upper or lower signs being taken accord- 


~— 


x 
~— 


ing as R(A) > 0 or < 0. 
Lb. X)(a) is an integral, so that a function w(x) exists almost every- 


where such that 
X)(x) = lim a+! | thw (t) dt (R(A) > 0), 
5-0 5 
x 
X)(x) -lim a+! | thw (t) dt (RA) < 0). 
X+« J 
Then, if f(a) belong to L?(0,<), the function 
b L 
g(x) = lim. | f(y)w)(ay) dy = x->+! ¥ [a4 | XY) ey) dy (1.2) 
g ~0 dx | J y 
~~ @ 0 ‘ 


+ Proc. London Math. Soc. (2) 23 (1924), 279-89. 


+ Ibid. 35 (1933), 156-99. 
§ Quart. J. of Math. (Oxford) 8 (1937), 172-85. Since the publication of 
Kober’s two papers in vol. 8 of the Quarterly Journal, I have completely 


revised and extended this paper. 
| Since X,(a)/x belongs to L?(0,0), it follows that 2 1X, (a) tends to zero 


as «—> 0 (R(A) > 0) and as 2—> © (R(A) < 0). 
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exists almost everywhere and belongs to L?(0,0). The relation between 
J (x) and g(x) is a reciprocal one, so that 
b x 
f(x) = Li g(y)w (xy) dy = aa a { MP ay) dy). (1.3) 
x 


a-—0 y 
L 


> 


. 


a 0 

Further, a constant A) (> 1) existst such that 

{ \g(a)|2 da < Ay | | f(x) |? dx, ( \f(a)|? da < A) [ g(a)|? da. (1.4) 
0 ( 0 0 

Finally, if f,(x) a fo(x) both belong to L?(0,0) and if g(x), g(x) 


are their transforms, Z. 
| fulw)go(x) de [te ‘)ga(x) dex. 
0 


In this theorem the equations given in la and 16 are plainly 
exact, but (1.2), (1.3), and (1.4) are only true ‘almost everywhere’. 
\s it will be obvious which equations are exact, we shall use the 
sign ‘=’ throughout. Unless it is otherwise stated, p will represent 
a real number such that 1 <p < 2 and p’ will be its conjugate, 
so that 1/p+1/p’ = 1. We shall use 2, for ‘the limit in mean with 


Tx 
exponent r as 7’ 00’. When f(x) and g(x) are related by the equa- 
tions (1.2) and (1.3), we shall say that they are x)-transforms of 
one another. All the functions with which we are concerned may be 
complex functions of a real variable. 

The following is our main theorem: 

THEOREM 2. Let R(A) > 0 or < —} amd let x)(x) satisfy condition 
| a and the following conditions: 
2a. X(a) is an integral, so that a function w(x) exists almost every- 


where such that 
xXx{z) = gat [ t\—tw)(t) dt (R(A) > 0), 
0 


x(a) = —a->+t [ P-tan(t) dt (RA) < —4); 
tf A, |}Q,($+7%t)|, where 
1 . a 
a l.icm. m- J X\(x i+it dy, 


a 


When A and X,(«) are real, A, = |Q)( 1+ in) = |. 
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2b. a number m, (<0) exists such that |\w(x)| < m), whenever 
— exists; 
. Xy(x)/x belongs to L”(0,00), where 1 < p, < 2. 
Then, if f(x) belong to L”(0,00), the function 


gle) =2y | fly)aniry) dy = sa da | 260) fy) ay (1.5) 


exists almost everywhere and belongs to L”’(0,00) and 
. 1/p’ : - 1/p 
(| —_ < A}'m? vl { |fte)|” dx) . (1.6) 
0 0 
If f(x) and f,(x) both belong to L”(0,0) and g,(x), go(x) are their 
X)-transforms, = n 


i Si (x)go(x) dx i fo(x)g,(x) dx. (1.7) 


If p > p,, we also ee 


g(y) ad (1.8) 


f(z) endl as [ Xlev) 
Y 


da | : 
. 0 
which is the equation reciprocal to (1.5). 

Titchmarsh’s theorem for cosine transforms is obtained from this 
by taking A = }, 


w(x) JP cosa, Xy(%) | JP sin. m, = ( )t 
7 > rT 


For this kernel A, = 1 and the conditions of the theorem are plainly 
satisfied for any p, > 1. In this case, Hille and Tamarkiny have 
shown that (1.8) may be replaced by the equation 


a 
F(x) = 2p | gly)on(xy) dy. 
a->@® ¢ 
0 
[ have not been able to prove it true in the general case without 
making very drastic assumptions about 
a 
w(at)w(yt) dt. 


0 


+ Bull. American Math. Soc. 39 (1933), 768-74. 
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Two other kernels, for which the theorem is true, are given by 


A=}, a(x) = A(2e!), xe) = a(2e!), m <1, p> $; 

A=}, w(x) = wta-tsin(2a#), x)(x) = a-tx{1—cos(2z24)}, 

m<l1, p, >, 

In each case A, = 1. These will be needed in § 4, where we shall 
consider kernels which do not satisfy the conditions of Theorem 2. 

2. Preliminary lemmas. We shall prove Theorem 2 with the 
help of some convexity theorems of M. Riesz;+ these are stated in 
Lemmas | and 2. 

Definition. Let T’ = T(f) be a transformation of f(x) such that, 
for any constants p, and po, 

Tey fit bef) = ba T(fi)+H2 T(hr), 

and such that the transforms of functions of the class Z4(a,b) make 
part or the whole of a certain class L’(c,d). Suppose also that a 
number M*., (where «a = q', y = r-*) exists such that always 


la 


d 1/r b 1 
( | Ti fyi de) < m:,| \f\@ ds) 3 (2.1) 


: 
M*., denoting the least of all such possible numbers. Then we say 
that 7 is a linear functional transformation of L4“(a,b) into L’(e,d). 

LemMA 1. Let T' be a linear functional transformation of certain 
classes L%(a,b) into certain classes L’(c,d), the relation between q and r 
being such that r > q and that the point (a, y), where « = q, y = r-, 
describes a segment in the plane (a,y). Then log MX, is a convex 
function of the points of the segment. 

LemMA 2. Whenever there is a linear functional transformation from 
Lu(a,b) to L™(c,d) and from L%(a,b) to L(c,d), with q, <1, and 
Jo < 1, the transformation can be extended to all pairs of exponents 
corresponding to the points (x,y) of the segment joining the points 
(x, 71) and (a, Yo). 

From these lemmas we can deduce 

Lemma 3. Let T(f) bea linear functional transformation of f(a) such 
that d b ; 

[ Z(f)Pde <A f |fP de (2.2) 
a 


+ Acta Math. 49 (1926-7), 465-97. 
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for all f(x) of L*(a,b), and such that 


b 
max |7'(f)| < m [ \f| dx 


e<xr<d 


for all f(x) of L(a,b). Then 


a 


d Lp’ b 1 
: ; p — Ry oo p 
| | |7(f) vas) < Alp meri | | fl? aa) 
for all functions f(x) of L*(a,b). 
To prove this, consider the segment joining the points (4, 4), 
(1,0) in the plane (a,y). Any point of this segment has the coordi- 
nates (a,l1—a) where } < «a < 1. It therefore follows from Lemmas 


l and 2 that M* (M*,)2 (M*,)2°-2, 


¥,1-a * 
But from (2.2) and (2.3) we have 

MF, < A}, M¥, : 
hence, if « p- (so that 1 < p < 2), 


M*,_, < Al”'m?-ie, 


and this with (2.1) implies (2.4). 

Finally we shall need 

LEMMA 4. If x(x) satisfy conditions la, 2a, and 2b, then yx)(x)/x 
belongs to L’(0, 0) for every r > 2. 

For it follows from 2a and 26 that 


Hence, if 7 


m’ 2 7 ly x 2 
dx < i Xa ) dx <A (say), 
x“ | . 


* Ixa(a|" 
x R(A)+4\"-2 J | 


| 


« 


0 0 
since X)(x)/a belongs to L?(0,00). This proves the lemma. 
3. The proof of Theorem 2. Let F(x) be any function of 
L*(0,«) and let 


F(x) having a similar meaning. Let G,(x) be the x)-transform of 
F(x) so that ‘ 


: [ F (y)w)(xy) dy. 


0 
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This follows from Theorem 1, the limit in mean being omitted since 
the right-hand side exists as an L-integral in virtue of Schwarz’s 


inequality and (26). Thus 
b 
G,(x)—G(x) = F(y)w)(ay) dy, (3.1) 
a 
and by (1.4) we have 


x b 


Gi, (2) — G,(a) |? dw < A) ( F(x)|? dx. (3.2) 
0 a 
If, however, F(x) belongs to L(0,00), it follows from (26) and (3.1), 


which will again exist, that 
b 


max |G,(”)—G,(x)| < m) ( |F(y)| dy. (3.3) 


0O<7<« 
a 


From (3.2) and (3.3) it follows that (3.1) defines a linear functional 
transformation which satisfies the conditions of Lemma 3. If there- 
fore f(x) is any function of L?(0,00), we shall have 


b 


- 1/p’ : 1/p 
| |9o(7)—ga(x) " de) " < AY'me viol | | f(a) |? as) " (3.4) 


‘o a 


a 


where g.(z) = [ f(y)wy(xy) dy. 


0 


The right-hand side of (3.4) may be made less than e by taking 
b >a >a,(e) and it follows that g,(~) converges in mean with ex- 
ponent p’, as a> oo, to a function g(x) of L”(0,00). This proves the 
first part of (1.5). 
Now, when ®(A) > 0, 2’! belongs to L”(0,y) and we therefore 

have, by the properties of limits in mean, 

v uv a 

( a\-ig(x) dx = lim [ art dx ( f(t)w (xt) dt 

0 salle 0 


a uv 
-lim | f(t) dt | xw)(2t) dx 
aii 0 


= yt [ RP) py dt (3.5) 


. 


0 


by (2a). This exists, since (by Lemma 4) x,(¢)/t belongs to L?’(0,00). 
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When (A) < —}, a+ belongs to L”(y,«o) and we have similarly 


x 0 


w-tg(e) de = yt [ OY 90 at. (3.6) 


« e 


v 0 
The second part of (1.5) now follows from (3.5) and (3.6). 
The inequality (1.6) follows at once from (3.4) by taking a = 0 and 
letting b> oo. Equation (1.7) is proved in the usual way; we have 


(with an obvious notation) 


b a 


[ fila Jo,q(x) dx - {il ) dx | fal (y)w (ay) dy 


0 0 


a b 
== | fal y) dy | Ai) x)w(xy) dx 
0 


0 
=| Saly )9an(y) dy. 


Equation (1.7) now follows thine this, by the properties of limits in 
mean, on making first a and then 6 tend to infinity. 

So far no use has been made of condition 2c and our analysis 
has been true for 1 < p < 2. The extra condition is required in the 
proof of (1.8). By 2c and Lemma 4 we see that x,(x)/x belongs to 
LI’(0,0) for r > p, and therefore to L”(0,00) (p > p,). Consider the 
equation (1.1); when — > 0, this may be written 


| Xa(wy) X\(Y2) dy { 0 (x > 
\" 5 y y |} \(a/zep- (a3 <e 
Hence the x)-transform of x)(yz)/y, which belongs to L”(0,00) for 


p > py, is the function 


d 
-—A+4 
ieee 


: _ {0 (v% > 2), 
f(: ) \(x zr t (% <2), 


and therefore, if f(a) belongs to L”(0,00) (p > p,), we have by (1.7) 


A 


PM ay) dy = | $e) f(a) de 


( (a/z)\-*f(a) da, 


and thus } ry Xa(y2) 
2 


| 
g(y) dy}. 
J 


0 
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When (A) < —4, (3.7) is changed to 


ght d{ x ; r x (ay) XAY2) 4 | eS {(—(x/z~-+ (x > 2), 
dx\ | y y 4 lo (x <2), 


0 


gy) dy = — | 
J \ 


so that (1.8) is again true. 


and thus by (1. ) 


4. Theorem 2 is the simplest theorem of its kind and it covers a 
large number of cases. The following theorem is more general, but 
it is difficult to apply; from it we shall deduce a useful theorem which 
covers many cases not covered by Theorem 2 

THEOREM 3. Let R(A) > 0 or < 4—1/p, (p, > 1) and let x(x) 
satisfy condition 1a, and also the following conditions: 


3a. the function 
g(z) = 2A a | yt [me Xal2 ”) Fy) i) 


dx \" 


0 
exists for every f(x) of L”(0,00) and satisfies the inequality 


= 


ri Ups 1/p. 
( | \g(x) vi ax)" = CG. A( [ | f(ac) |? as) : (4.2) 
0 0 
3b. X(x)/a belongs to L”™ (0,00). 
Then, if f(x) belong to L”®(0,0), where p, <p < 2, the function 
defined by (4.1) exists almost everywhere and belongs to L®’(0,00) and 


satisfies the inequalityt 


x 


. 1/p’ “5 1/p 
( g(a) |?" az) < Cyal | | f(a) |? aa) ; (4.3) 
0 0 
Equations (1.7) and (1.8) are also true. 
Equation (4.2) implies that x,(x)/x belongs to L”(0,00), for, if 
R(A) > 0, take . ( ar- (0<a< 1), 
J(®) a 
0 (eo > 4), 
in (4.1); then g(a) = x)(x)/a. If R(A) < $—1/p,, take 
; 0 < z < 1), 
< 
IO) = | a4 (w > 1), 


( »,)/pl(2 nn) yD (2 — p)/ pl(2—p,) 
¢ Actually C,, = AQ re CA " 


(4.4) 
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and again g(a) = xX)(x)/x. In each case f(x) belongs to L”(0,00), and 
therefore, by (4.2), X)(x)/a belongs to L”'(0,0). 

The proof of Theorem 3 is similar to that of Theorem 2 (with 
obvious modifications), and so we shall omit it. 

The restrictions on A in Theorems 2 and 3 arise quite naturally. 
In order that x)(2) may be a kernel for which the L* transform 
theory holds, we must have R(A) > 0 or < 0; then the functions 
defined by (4.4) and (4.5) both belong to L*(0,00). When we are 
considering a theory for functions of L”:, these functions must belong 
to L’(0,00) and we therefore need R(A) > }—1/p, or < $—1/p,. 
Since, however, both L? and L”: theories must exist simultaneously, 
we must have R(A) > 0 or < }—1/p,. Theorem 2 is the case p, # 

In a recent paper Kobert has worked out the complete L” theory 
for Hankel transforms, and it is interesting to see how his restrictions 


on v and p arise. In this case 
A= v+l, X(z) = xt, (x), w(x) = xtJ, (2), 


where J, (x) is the ‘cut’ Bessel function defined by 


J,,(2) = b3 —_ 
k= | 
and l [3(1—R(v))] (Rv) - |) ae 0 (R(v) > —1). 
There is an L* theory if R(A) = R(v)+1 > 0, or if R(A) < 0 and 
| = I(2;v) is determined by the condition 
0 < R(A)+21 < 2. (4.6) 
When considering an L” theory, Kober first proves an inequality 
similar to (4.2) and his proof of this is valid if 


(i) RA) > Di 1 - 0. or 


(ii) R(A) < }—py! and congruent, to modulus 2, to a number 
lying between p,'—} and 3+ -p;!. 
In case (i) / = 0, and in case (ii) / = I(p,,v) is uniquely determined 
by the condition 
py t—} < R(A)4-2 < 34-pr}. 


2 


Condition 36, however, is only satisfied by x(x) = a'J,,, (x) if 
R(A) > pr '—s or if 
prt—} < RA) +21 < f—pp}, (4.7) 


T Quart. J. of Math. (Oxford), 8 (1937), 186-99. 
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so the possible values of A, when R(A) < 0, have to be further re- 


stricted. Since : 1 
0 « S tear 


} 
it follows from (4.6) and (4.7) that 1(2;v) = U(p,;v) when A satisfies 
the condition (4.7), and thus (by Theorem 3) that the transform 
theory will hold for p, < p< 2. Replacing R(A) by R(v)+1, the 
conditions for v and | become 
(i)’ = > p;' ing l= 0; 

(ii)’ pp 1—3 < Riv) < $—py}, l= [$(1—R(v))] > 0; 
and these are the conditions assumed by Kober in his paper. 

With the assistance of a general theorem, which is proved by Kober 
in the same paper, we are able to obtain fairly simple conditions for 
the truth of condition 3a. The form in which we shall use the 


< 3—py' < 2, 


theorem is given in the following lemma. 
Lemma 5. Let L(a) be an integrable function for 0 <x <a and 
let it satisfy the following conditions: 
L(x)| < Ax-1 (x <1), 
|L(a)| << Aap (4 >1) 
where yn <1—p-1 <p. Then, . f(x) belong to L”(0,0) and if 


[02 (at) dt, 


a constant K,, exists, which panes only on L(x), such that 
b 1/p 


(| | \by(x)—P,(x) |?” ax)" ‘ K,( | | f(a) |? as) 


0 a 
From this lemma and Theorems 2 and 3 we can deduce 


THEOREM 4. Let R(A) > 0 or < $—p,' and let x(x) satisfy condi- 
tions la, 1b, and the following conditions: 


4a. w(x) Pp a), wy, (2) + L(x), 
[=1 


where w(x) (k = n) are derived from functions X),(x) satisfying 
conditions la, 1b, and 2b, a, a,, are constants, and L(x) satisfies 
the conditions of Lemma 5 when p = py; 

4b. X)(x)/x belongs to L’(0,«) for py <r < py. 
Then, if f(x) belong to hye: 0) (py <p < 2), the function g(x), 
defined by (1.5), exists almost everywhere, belongs to L”(0,00), and 
satisfies the inequality (4.3). Equations (1.7) and (1.8) are also true. 
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In order to prove this theorem, we have only to show that condi- 
tion 3a is satisfied. Let f(x) be a function of L?:(0,00) and (with the 


usual notation) consider 
b b 


Ja(%)—Go(a =>: ay | fu y)on, (ay) dy + | fly) Lay) dy 
=" Pe Age ee) —Ja(x ‘)} +-hp(2) — (2) (say). 
In Theorem 2, the Bie: of inequality ( 3.4) ae even when 
= < RA) < 2 —p* ? 
since no use has been made of Lemma 4 at that stage of the proof. 


Hence we have, by (3.4) and Lemma 5, 


x 


; . . ' , Wpi 
| | 19a(%)—Go(x) |”! ae)" <> |a;,| ( | 9b (%)—gii(a) |?! i + 


0 0 


x 


+(f Idol) — bala 2) dr) " 
0 
b 


1/pr 
Ri <Opa( [ f(a ) | > ae) : (4.8) 
It follows from this that the function 


a 


g(x) = Ly | f(y)wn(xy) dy (4.9) 
= 


exists, and letting a - 0, b -> 00 in (4.8), we see that g(x) satisfies the 
inequality (4.2). To complete the proof we have also to show that 
g(x) is given by (4.1), and here we need the condition 4b, which is 
not the same as 3). 
If R(A) > 0, we have from (4.9) in the usual way 
v a 
( a-t9(x) dx = t) dt [> xt (at) da 


sf 
7 8 


[, ya XA(Yt) — gy_y Xa(8E)) 
«i ge) pa a 


0 


» N pa I/pi " rm up! 
0°" a < in| | Ifo a) (| i a 


“ 
0 0 


/ Wpi/ 4 Xp(w)|2% 1p; 
— §2A)-4 = [ f(t) |? a) ( al a ’ 
: J | w 


! 
0 0 
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and this tends to zero as 8 0. Hence 
Vv a 
[ g(x) dx = y-! [0 dt. 
0 6 
Sunilarly, when R(A) < $—py', we have 


— | Phig(a) de = P+ [ 70) a, (4.11) 


. . 


Vv 0 
and (4.1) follows from (4.10) and (4.11). This completes the proof. 
Example. If X = $ and 


X,(x) = — a= R224) +-F,2x4), w(x) = * K,(22!)—¥,(22), 


then conditions la and 16 are satisfied. Now 


2at)— [(7x-tsin(22) +14 ), 


where L(x) is O(—logx) as x> 0 and Ofx-texp(—2z2!*)} as x 0. 
Thus L(x) satisfies the conditions of Lemma 5 for any p > 1, and in 
§ 1 it was shown that J,(2x!) and 7-!x-'sin(2z!) are kernels satisfying 
the conditions la, 2a, and 26 and therefore 15 also, since A > 0 
in each case. Hence w(x) satisfies 4a. Finally, 

xi ~ —a-ba-4[exp(—2x!)+-sin( 2x -2) as X—> 0, 
and it is O(—log a) as > 0, so x)(x)/a belongs to L’(0,00) for every 
y such that 4 <r <oo. Thus the conditions of Theorem 4 are all 
satisfied if p, = 4+6 (8 > 0). 

5. In conclusion we shall consider the necessity of the conditions 
of Theorem 3. Condition la is necessary for the existence of the 
transform formulae (4.1) and (1.8) when p = 2, and it is therefore 
a necessary condition for a theory of transforms for the class L?, if 
p may equal 2. Condition 3a is necessary if we are looking for a 
theory in which the x)-transform of f(x) satisfies an inequality of the 
form (4.3). Condition 3 is only a sufficient condition for the con- 
vergence of the integral in (1.8). It enables us to prove (1.8) without 
difficulty, but for any given kernel a better condition may be found 
to exist. 

In Theorem 3 we do not assume that x)(%) is an integral. We shall 
show, however, by means of examples, that condition 1b was not 
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introduced into Theorems 2 and 4 only to simplify the analysis, but 
because there are kernels x)(x) which are not integrals, and for which 
we can always find functions of L?(0,00) (for any given p < 2), 
whose X)-transforms do not belong to L”(0,0). 


Consider the kernel 


This satisfies 1a with A = }, and the transform formulae are 


w= 44), se =24(*) 
a a a a 

{(i—z)-"70+9) (x < 1), 

lo (e > 1), 


where 1 <p <2ande>0. This belongs to L?(0,00). From (5.1) 


Let J (x) 


and (5.2) we have 
(0 
g(x) = 
J ) | 1-1 +0} -]1)-Upa+e) (x by: 
and therefore 
g(x) PD’ dx = | gP't1-l pl )}(a-— ])—P'lpa +€) da. 
0 1 
This integral will not converge at the lower limit if 
p’ 
pls 


i.e. if 0<e< p’—2. 


Since p’ > 2, there are infinitely many values of ¢ satisfying this 
inequality and to each there corresponds a function f(x) of L°(0,«), 


whose transform does not belong to L”’(0,<). 
Another discontinuous kernel for which a similar result may be 
proved is b. ji+ai 
x,(v) = *log); 


7 | x 


(A 














